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Abstract
The study of algebraic properties of groups of transformations of a
manifold gives rise to an interplay between different areas of mathemat-
ics such as topology, geometry, and dynamical systems. Especially, in
this paper, we point out some interplays between topology, geometry,
and dynamical systems which are underlying to the group of symplec-
tic homeomorphisms. The latter situation can occur when one thinks of
the following question : Is there a C0− flux geometry which is underly-
ing to the group of strong symplectic homeomorphisms so that Fathi’s
Poincare´ duality theorem continues to hold? In this paper, we discuss on
some possible answers of the above preoccupation, and we elaborate vari-
ous topological analogues of some well-known results found in the field of
symplectic dynamics.
AMS Subject Classification: 53D05, 53D35, 57R52, 53C21.
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1 Introduction
According to Oh-Mu¨ller [31], the automorphism group of the C0−symplectic
topology is the closure of the group Symp(M,ω) of all symplectomorphisms of
a symplectic manifold (M,ω) in the group Homeo(M) of all homeomorphisms
of M equipped with the C0−topology. That group, denoted Sympeo(M,ω) has
been called group of all symplectic homeomorphisms :
Sympeo(M,ω) = Symp(M,ω) ⊂ Homeo(M).
This definition has been motivated by the following celebrated rigidity theorem
dues to Eliashberg [16] and Gromov [18].
∗tchuiagas@gmail.com
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Theorem 1.1. ([16, 18]) The group Symp(M,ω) of all symplectomorphisms of
a symplectic manifold (M,ω) is C0 closed inside the group of diffeomorphisms
over M .
Oh-Mu¨ller showed that any symplectic homeomorphism preserves the Liou-
ville measure [31]. Furthermore, a result dues to Oh-Mu¨ller states that the group
of Hamiltonian homeomorphisms is contained in the kernel of Fathi’s mass flow.
This group is a proper subgroup in the identity component of Sympeo(M,ω).
Buhovsky [10] observed that Eliashberg-Gromov C0−rigidity follows from Oh-
Mu¨ller theorem on the uniqueness of topological Hamiltonians of topological
Hamiltonian systems [31]. All the above facts demonstrate once more an inter-
est of the study of symplectic homeomorphisms.
Recently, motivated by the result in Theorem 1.1, Banyaga [4, 6] defined two
classes of symplectic homeomorphisms called the strong symplectic homeo-
morphisms in the L∞−context and the strong symplectic homeomor-
phisms in the L(1,∞)−context. The two contexts of strong symplec-
tic homeomorphisms arise from two different topologies, but it is proved
in Banyaga-Tchuiaga [8] that the nature of any strong symplectic homeo-
morphism does not depend on the choice of the L∞ symplectic topology or the
L(1,∞) symplectic topology. To understand the statement of the mains result of
this paper, we will need the following definition from [9, 34].
Definition 1.2. ([9, 34]) A continuous family (γt) of homeomorphisms of M
with γ0 = id is called a strong symplectic isotopy (or ssympeotopy ) if there
exists a sequence Φi of symplectic isotopies which converges uniformly to (γt)
such that the sequence of symplectic vector fields generated by Φi is Cauchy in
the L∞− Hofer-like norm defined in [4].
If the manifold is simple connected, then any ssympeotopy is called a con-
tinuous Hamiltonian flow ( or Hameotopy) in the sense of Oh-Mu¨ller.
A result from Banyaga-Tchuiaga [9] shows that in the above definition, if
we set Φi = (φ
t
i) and consider Z
i
t(x) =
dφti
dt
◦ (φti)
−1(x), for each i and for all
x ∈ M , then the limit M(γ) of the sequence of symplectic vector fields (Zit)
w.r.t the L∞− Hofer-like norm is independent of the choice of the sequence of
symplectic isotopies Φi in Definition 1.2. The authors called the latter limit
the ”generator” of the ssympeotopy (γt). It follows from Banyaga-Tchuiaga [9]
that any generator of strong symplectic isotopy is of the form (U,H) where the
maps (t, x) 7→ Ut(x) and t 7→ Ht are continuous, and for each t, Ht is a smooth
harmonic 1−form for some Riemannian metric g on M . Here is the main result
from [9].
Theorem 1.3. ([9]) Any strong symplectic isotopy determines a unique gener-
ator.
This theorem generalizes the uniqueness theorem of generating functions for
continuous Hamiltonian flows from Viterbo [37, 36], and Buhovsky-Seyfaddini
[11]. Using the above uniqueness result of generators of ssympeotopies, Banyaga
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pointed out that any smooth hameomorphisms is a Hamiltonian diffeomor-
phisms, a theorem on Hamiltonian rigidity.
However, in the presence of a positive symplectic displacement energy from
Banyaga-Hurtubise-Spaeth [7], we point out the following converse of Theorem
1.3.
Theorem 1.4. Any generator of strong symplectic isotopy corresponds to a
unique strong symplectic isotopy.
The above result generalizes a result found by Oh (Theorem 3.1, [30]) in the
study of topological Hamiltonian dynamics. Following the proof of Theorem 1.2
found in [35], it seems that another proof of Theorem 1.4 can be pointed out
without appealing to the positivity of the symplectic displacement energy. But,
this other way to prove Theorem 1.4 is a little longer than the proof involving
the symplectic displacement energy. To show an interest of the uniqueness re-
sults of Theorem 1.3 and Theorem 1.4 in the study of topological symplectic
dynamics, let’s go back to the smooth symplectic geometry.
Using Hodge’s decomposition theorem of differential forms, one can establish
that there is a one-to-one correspondence between the space of all symplectic
isotopies and the space of all the pairs (V,K) where V is a smooth family of
normalized function and K is a smooth family of smooth harmonic 1−form
for some Riemannian metric g on M (any differentiable manifold M can be
equipped with a Riemannian metric). The latter pairs was called the smooth
generators of symplectic paths (see [8]). A result from [8] states that there is a
group isomorphism between the space of symplectic paths and that of all their
generators. This suggests that the flux of any symplectic isotopy Φ generated
by (V,K) is exactly the de Rham cohomology class
∫ 1
0
[Kt]dt where [.] stands for
the de Rham cohomology class. Visibly, this way to evaluate the flux of any
symplectic isotopy does not involves the derivative of the corresponding isotopy.
This seems to suggest that in the presence of the uniqueness results of Theo-
rem 1.3 and Theorem 1.4, we can assign to any ssympeotopy (γt) generated by
(U,H) a well defined de Rham cohomology class
∫ 1
0 [Ht]dt since the map t 7→ Ht
is continuous, and for each t, Ht is a smooth harmonic 1−form. This will be
clearly exposed in greater detail later on.
More generally, it is known that on any closed symplectic manifold, various
constructions involving symplectic paths (e.g, Hofer metrics, Hofer-like metrics,
symplectic flux etc..) are based on the one-to-one correspondence that exists
between the space of such paths and that of smooth families of smooth symplec-
tic vector fields. Actually, the uniqueness results of Theorem 1.3 and Theorem
1.4 tell us to investigate the following questions:
• Is there a C0−flux geometry which is underlying to the group of strong
symplectic homeomorphisms?
• If the answer of the above question is affirmative, then can Fathi’s Poincare´
duality theorem continue to hold?
• Is Banyaga’s Hofer-like geometry admits a topological analogue in the
world of strong symplectic homeomorphisms?
• Since the mass flow of any strong symplectic isotopy exists, can we
give an explicit formula of the latter mass flow?
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The goal of this paper is to investigate the above questions.
We organize the present paper as follows. In Section 2, we recall some funda-
mental facts concerning symplectic mappings and isotopies. Section 2.1, deals
with a description of symplectic isotopies that was introduced in [8]. In Sections
2.2, 2.3, and 2.4 we recall the definitions of Banyaga’s Hofer-like topologies and
symplectic displacement energy. Section 3 deals with Hodge-de Rham’s theory,
flux for symplectic maps, and Fathi’s mass flow. Here, we recall the construc-
tions of flux for symplectic maps and Fathi’s mass flow; including de Rham’s
theorem, the Poincare´ duality theorem, and Fathi’s Poincare´ duality theorem.
In Section 4, we will recall the definitions of topological symplectic isotopies.
Moreover, we show an impact of Fathi’s Poincare´ duality theorem in the study
of some homotopic property (relatively to fixed extremities) of certain class of
strong symplectic isotopies. As a consequence of the latter study, we derive
that any ssympeotopies whose Fathi’s mass flow is trivial admits its extremi-
ties in the group of Hamiltonian homeomorphisms. Once more, using a result
that was proved by Weinstein [39], we prove a result which implies in turn
that the flux group Γ stays invariant under a perturbation of the fundamental
group π1(Symp0(M,ω)) withe respect to a suitable C
0−symplectic topology.
We shall also prove that any strong symplectic isotopy which is a 1−parameter
group decomposes as composition of a smooth harmonic flow and a continuous
Hamiltonian flow in the sense of Oh-Mu¨ller. Section 5, we will introduces an
enlargement of the symplectic flux homomorphism. Here, we give an explicit
formula for computing the Fathi mass flow of any strong symplectic isotopy,
and construct a surjective group homomorphism from the group of strong sym-
plectic isotopies onto the quotient of the first de Rham cohomology group by
the flux group Γ. We prove that its kernel coincides with the group of Hamil-
tonian homeomorphisms. This map is the C0−analogue of the well known flux
homomorphism. As a consequence of the latter fact, we see that the group of
Hamiltonian homeomorphisms is path connected and locally connected, while
the group of strong symplectic homeomorphism is locally path connected. In
Section 6, we construct a C0−Hofer-like norm for strong symplectic homeo-
morphisms, and prove that the restriction of the latter norm to the group of
Hamiltonian homeomorphisms is equivalent to the norm constructed by Oh on
the space of Hamiltonian homeomorphisms. Section 7 deals with an enlarge-
ment of the symplectic displacement energy. Here, we use the result of Sec-
tion 6 to define a positive symplectic displacement energy for strong symplectic
homeomorphisms. Finally, Section 8 gives some examples and introduce some
conjectures.
2 Preliminaries
Let M be a smooth closed manifold of dimension 2n. A differential 2−form ω
on M is called a symplectic form if ω is closed and nondegenerate. In particu-
lar, any symplectic manifold is oriented. From now on, we shall always assume
that M admits a symplectic form ω. A diffeomorphism φ : M → M is called
symplectic if it preserves the symplectic form ω, i.e. φ∗(ω) = ω. We denote by
Symp(M,ω) the symplectomorphisms’ group.
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2.0.1 Symplectic vector fields
The symplectic structure ω onM, being nondegenerate, induces an isomorphism
between vector fields Z and 1−forms on M given by Z 7→ ω(Z, .) =: ι(Z)ω. A
vector field Z on M is symplectic if ι(Z)ω is closed. In particular, a symplectic
vector field Z on M is said to be a Hamiltonian vector field if ι(Z)ω is exact. It
follows from the definition of symplectic vector fields that, if the first de Rham
cohomology group of the manifoldM is trivial (i.e. H1(M,R) = 0), then all the
symplectic vector fields induced by a symplectic form ω on M are Hamiltonian.
If we equip M with a Riemannian metric g (any differentiable manifold M can
be equipped with a Riemannian metric), then any harmonic 1−form α on M
determines a symplectic vector field Z such that ι(Z)ω = α (so-called harmonic
vector field, see [4]).
2.0.2 Symplectic isotopies
An isotopy {φt} of the symplectic manifold (M,ω) is said to be symplectic if for
each t, the vector field Zt =
dφt
dt
◦ φ−1t is symplectic. In particular a symplectic
isotopy {ψt} is called Hamiltonian if for each t, Zt =
dψt
dt
◦ψ−1t is Hamiltonian,
i.e. there exists a smooth function F : [0, 1] × M → R called Hamiltonian
such that ι(Zt)ω = dFt. As we can see, any Hamiltonian isotopy determines
a Hamiltonian F : [0, 1] ×M → R up to an additive constant . Throughout
the paper we assume that all Hamiltonians are normalized in the following way:
given a Hamiltonian F : [0, 1] × M → R we require that
∫
M
Ftω
n = 0. We
denote by N ([0, 1] ×M ,R) the space of all smooth normalized Hamiltonians
and by Ham(M,ω) the set of all time-one maps of Hamiltonian isotopies. If we
equip M with a Riemannian metric g, then a symplectic isotopy {θt} is said to
be harmonic if for each t, Zt =
dθt
dt
◦ θ−1t is harmonic. We denote by Iso(M,ω)
the group of all symplectic isotopies of (M,ω) and by Symp0(M,ω) the set of
all time-one maps of symplectic isotopies.
2.0.3 Harmonics 1−forms
From now on, we assume that M is equipped with a Riemannian metric g,
and denote by H1(M, g) the space of harmonic 1−forms on M with respect
to the Riemannian metric g. In view of the Hodge theory, H1(M, g) is a finite
dimensional vector space over R which is isomorphic toH1(M,R) (see [38]). The
dimension of H1(M, g) is the first Betti number of the manifold M , denoted
by b1. Taking (h
i)1≤i≤b1 as a basis of the vector space H
1(M, g), we equip
H1(M, g) with the Euclidean norm |.| defined as follows : for all H in H1(M, g)
with H = Σb1i=1λ
ihi we have |H | := Σb1i=1|λ
i|. It is convenient to compare the
above Euclidean norm with the well-known uniform sup norm of differential
1−forms. For this purpose, let’s recall the definition of the uniform sup norm
of a differential 1−form α on M . For all x ∈ M , we know that α induces a
linear map αx : TxM → R whose norm is given by ‖αx‖ = sup{|αx(X)| : X ∈
TxM, ‖X‖g = 1}, where ‖.‖g is the norm induced on each tangent space TxM
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by the Riemannian metric g. Therefore, the uniform sup norm of α, say |.|0 is
defined by |α|0 = supx∈M ‖αx‖. In particular, when α is a harmonic 1−form (i.e
α = Σb1i=1λ
ihi), we obtain the following estimates : |α|0 ≤ Σ
b1
i=1|λ
i||hi|0 ≤ E|α|
where E := max1≤i≤b1 |h
i|0. If the basis (hi)1≤i≤b1 is such that E>1, then one
can always normalize such a basis so that E equals 1. Otherwise, the identity
|α|0 ≤ E|α| reduces to |α|0 ≤ |α|. We denote by PH1(M, g), the space of
smooth mappings H : [0, 1]→ H1(M, g).
2.1 A description of symplectic isotopies [8]
In this subsection, from the group of symplectic isotopies, we shall deduce an-
other group which will be convenient later on (see [8]). Consider {φt} to be
a symplectic isotopy, for each t, the vector field Zt =
dφt
dt
◦ (φt)−1 satisfies
dι(Zt)ω = 0. So, it follows from Hodge’s theory that ι(Zt)ω decomposes as the
sum of an exact 1−form dUΦt and a harmonic 1−form H
Φ
t (see [38]). Denote
by U the Hamiltonian UΦ = (UΦt ) normalized, and by H the smooth family of
harmonic 1−forms HΦ = (HΦt ). In [8], the authors denoted by T(M,ω, g) the
Cartesian product N ([0, 1]×M,R)×PH1(M, g), and equipped it with a group
structure which makes the bijection
Iso(M,ω)→ T(M,ω, g),Φ 7→ (U,H) (2.1)
a group isomorphism. Denoting the map just constructed by A, the authors
denoted any symplectic isotopy {φt} as φ(U,H) to mean that the mapping Amaps
{φt} onto (U,H), and (U,H) is called the “generator” of the symplectic path
φ(U,H). In particular, any symplectic isotopy of the form φ(0,H) is considered
to be a harmonic isotopy, while any symplectic isotopy of the form φ(U,0) is
considered to be a Hamiltonian isotopy. The product in T(M,ω, g) is given by,
(U,H) ⋊⋉ (V,K) = (U + V ◦ φ−1(U,H) + ∆˜(K, φ
−1
(U,H)),H +K) (2.2)
The inverse of (U,H), denoted (U,H) is given by
(U,H) = (−U ◦ φ(U,H) − ∆˜(H, φ(U,H)),−H) (2.3)
where for each t, φ−t(U,H) := (φ
t
(U,H))
−1, and ∆˜t(K, φ
−1
(U,H)) is the function
∆t(K, φ
−1
(U,H)) :=
∫ t
0
Kt(φ˙
−s
(U,H)) ◦ φ
−s
(U,H)ds,
normalized.
2.2 Banyaga’s Topologies [8], [34]
In this subsection, we reformulate the topology introduced by Banyaga [4] on the
space of symplectic vector fields. LetX be a symplectic vector field. The 1−form
iXω can be decomposed in a unique way as the sum of a harmonic 1−form HX
with an exact 1−form dUX . The function UX is given by UX = δG(iXω), where
δ is the codifferential operator and G is the Green operator [38]. In regard of the
above decomposition of symplectic vector fields, we will denote any symplectic
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vector field X by X(U,H) to mean that Hodge’s decomposition of ι(X)ω gives
dU + H with U normalized. According to Banyaga, the above decomposition
of symplectic vectors gives rise to an intrinsic norm on the space of symplectic
vector fields, defined by
‖X(U,H)‖ = |H|+ osc(U),
where osc(U) = maxx∈M U(x)−minx∈M U(x), and |.| represents the Euclidean
norm on the space of harmonic 1−forms that we introduced in the beginning.
The norm ‖.‖ gives rise to a norm defined on the space of 1−parameter symplec-
tic vectors fields as follows. Let (Yt)t be a smooth family of symplectic vector
fields, we have :
‖(Yt)‖
∞ = max
t
‖Yt‖.
The above norm is called the L∞− Banyaga’s norm of the family of symplectic
vector fields (Yt)t. For instance, the above norm induces a distance on the space
T(M,ω, g) as follows : For all (U,H), (V,K) ∈ T(M,ω, g),
D2((U,H), (V,K)) = (‖(X(Ut,Ht)−X(Vt,Kt))t‖
∞+‖(X(Ut,Ht)−X(Vt,Kt))t‖
∞)/2,
(2.4)
Therefore, the L∞−topology on the space T(M,ω, g) is the one induced by the
metric D2.
2.3 Banyaga’s Hofer-like norms [4]
According to [4], the so-called L(1,∞) version and L∞ version of Banyaga’s
Hofer-like lengths of any Φ = φ(U,H) ∈ Iso(M,ω) are defined respectively by,
l(1,∞)(Φ) =
∫ 1
0
osc(Ut) + |Ht|dt, (2.5)
l∞(Φ) = max
t∈[0,1]
(osc(Ut) + |Ht|). (2.6)
Clearly l(1,∞)(Φ) 6= l(1,∞)(Φ−1) unless Φ is Hamiltonian. Indeed, Φ = φ(U,H)
implies that Φ−1 = φ(U,H) where (U,H) = (−U ◦ Φ − ∆˜(H,Φ),−H). Hence,
we see that the mean oscillation of the function U can be different from that
of the function −U ◦ Φ − ∆˜(H,Φ). But, if Φ is Hamiltonian, i.e. Φ = φ(U,0),
then the mean oscillation of U is equal to that of −U ◦ Φ, i.e. l(1,∞)(Φ) =
l(1,∞)(Φ−1). Similarly, we have l∞(Φ) 6= l∞(Φ−1) unless Φ is Hamiltonian.
Now, let φ ∈ Symp0(M,ω), using the above Banyaga’s lengths, Banyaga [4]
defined respectively the L(1,∞) energy and L∞ energy of φ by,
e0(φ) = inf(l
(1,∞)(Φ)), (2.7)
e∞0 (φ) = inf(l
∞(Φ)), (2.8)
where the infimum are taken over all symplectic isotopies Φ with time-one
map equal to φ. Therefore, the L(1,∞) Banyaga’s Hofer-like norm and the L∞
Banyaga’s Hofer-like norm of φ are respectively defined by,
‖φ‖
(1,∞)
HL = (e0(φ) + e0(φ
−1))/2, (2.9)
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‖φ‖∞HL = (e
∞
0 (φ) + e
∞
0 (φ
−1))/2. (2.10)
Each of the norms ‖.‖∞HL and ‖.‖
(1,∞)
HL generalizes the Hofer norms for Hamilto-
nian diffeomorphisms in the following sense : in the special case of a closed sym-
plectic manifold (M,ω) for which Ham(M,ω) = Symp0(M,ω) (or H
1(M,R) =
0), the norm ‖.‖∞HL reduces to a norm ‖.‖
∞
H called the L
∞ Hofer norm, while the
norm ‖.‖
(1,∞)
HL reduces to a norm ‖.‖
(1,∞)
H called the L
(1,∞) Hofer norm. But, a
result that was proved by Polterovich [33] shows that the above Hofer’s norms
are equal in general, i.e. ‖.‖
(1,∞)
H = ‖.‖
∞
H . In other words, the norms ‖.‖
∞
HL and
‖.‖
(1,∞)
HL are equal when Ham(M,ω) = Symp0(M,ω) (or H
1(M,R) = 0). It was
proved in [35] that the following equality holds true ‖.‖∞HL = ‖.‖HL. This points
out the uniqueness of Banyaga’s Hofer-like geometry, and then generalizes a
result that Polterovich [33] proved (Lemma 5.1.C, [33]).
2.4 Displacement energy (Banyaga-Hurtubise-Spaeth)
Definition 2.1. ([7]) The symplectic displacement energy eS(A) of a non empty
set A ⊂M is :
eS(A) = inf{‖φ‖HL|φ ∈ Symp(M,ω)0, φ(A) ∩A = ∅}.
Theorem 2.2. ([7]) For any non empty open set A ⊂ M , eS(A) is a strict
positive number.
A straightforward application of the equality ‖, ‖HL = ‖, ‖
∞
HL implies that
the above definition of positive symplectic displacement energy does not depend
on the choice of Banyaga’s Hofer-like norm. Furthermore, in the Section 5 of
the present paper, we will see how one extends the above displacement sym-
plectic energy in the world of strong symplectic homeomorphisms. This will be
supported by the uniqueness result from [8] and the uniqueness of Banyaga’s
Hofer-like geometry [35].
3 Hodge-de Rham’s theory
3.1 De Rham’s theorem
We denote by Ωk(M) the space of smooth differential k−forms on M . In local
coordinates (x1, x2, ..., x2n), an element α ∈ Ωk(M) has the following expression
α = ΣI={i1<i2<,...,<ik}aIdx1 ∧ dx2..... ∧ dxk = ΣIaIdxI ,
where aI is a smooth function of (x1, x2, ..., xk). The exterior differentiation is
a differential operator
d : Ωk(M)→ C∞(∧k+1T ∗M).
Locally,
d(ΣIaIdxI) = ΣIdaI ∧ dxI .
This operator satisfies d ◦ d = 0, hence the range of d is included in the kernel
of d.
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Definition 3.1. ([38]) The kth de Rham’s cohomology group of M is defined
by
HkdH(M) =
{α ∈ Ωk(M), dα = 0}
d(Ωk−1(M))
.
These spaces are clearly diffeomorphism invariants of M. Moreover a deep
theorem of G. de Rham says that these spaces are isomorphic to the real coho-
mology group of M. Thus, the are homotopic invariants.
3.2 The flux (Banyaga)
Denote by Diff∞(M) the group of diffeomorphisms on M endowed with the
C∞ compact open topology. Let Diff0(M) be the identity component of
Diff∞(M) for the C∞ compact open topology. Let Ω be any closed p−form on
M . Denote by DiffΩ(M) ⊂ Diff∞(M) the space of all diffeomorphisms that
preserve the p−form Ω, and by DiffΩ0 (M) we denote the connected component
by smooth arcs of the identity in DiffΩ(M). Let Φ = (φt) be a smooth path
in DiffΩ0 (M) with φ0 = Id, and set
φ˙t(x) =
dφt
dt
(φ−1t (x)) (3.1)
for all (t, x) ∈ [0, 1]×M. It was proved in [2] that
∑
(Φ) =
∫ 1
0
(φ∗t (iφ˙tΩ))dt, (3.2)
is a closed p−1 form and its cohomology class denoted by [
∑
(Φ)] ∈ H(p−1)(M,R)
depends only on the homotopy class {Φ} of the isotopy Φ relatively with fixed
ends in DiffΩ0 (M), and the map {Φ} 7→ [
∑
(Φ)] is a surjective group homo-
morphism
FluxΩ :
˜DiffΩ0 (M)→ H
(p−1)(M,R).
In case Ω is a symplectic form ω, we get a homomorphism
Fluxω : ˜Symp0(M,ω)→ H
1(M,R),
where ˜Symp0(M,ω) is the universal covering of the space Symp0(M,ω).
Denote by Γ the image by Fluxω of π1(Symp0(M,ω)). The homomorphism
Fluxω induces a surjective homomorphism fluxω from Symp0(M,ω) ontoH
1(M,R)/Γ.
From the above construction, Banyaga [2, 3] proved that the group of all Hamil-
tonian diffeomorphisms of any compact symplectic manifold (M,ω) is a simple
group which coincides with the kernel of fluxω, a very deep result. We will
need the following result from [2, 3].
Theorem 3.2. Let Φ be a symplectic isotopy.
1. If |Fluxω(Φ)| is arbitrarily small, then any symplectic isotopy Ψ with the
same extremities than Φ has its flux in Γ, i.e. Fluxω(Ψ) ∈ Γ.
2. If Fluxω(Φ) = 0, then Φ is homotopic with fixed endpoints to a Hamilto-
nian isotopy.
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Proof. Let Φ = (φt) and Ψ = (ψt) be two symplectic isotopies with the same
endpoints such that |Fluxω(φt)| is arbitrarily small. Since Ψ ◦Φ−1 is a loop at
the identity, then Fluxω(Ψ ◦ Φ
−1) ∈ Γ. But,
d(Fluxω(Ψ),Γ) = inf
γ∈Γ
|γ − Fluxω(Ψ)|
≤ |Fluxω(Ψ ◦ Φ
−1)− Fluxω(Ψ)|
≤ |Fluxω(Φ)|,
where the right hand side is arbitrarily small. Thus, Fluxω(Ψ) ∈ Γ since Γ is
discrete (see Ono [32]). For (2), we follow the proof of a result from MacDuff-
Salamon [25] (Theorem 10.12, [25]). Assume that Φ = (φt) is generated by
(U,H). By assumption we have
Fluxω(Φ) = Fluxω(φ
t
(0,H)) = [
∫ 1
0
Htdt] = 0.
Thus, it follows from Hodge’s theory that
∫ 1
0 Htdt = 0 since
∫ 1
0 Htdt is harmonic
and M is compact. For all t, as in [25], let θts be the flow generated by the
symplectic vector field Yt = −(
∫ t
0 Hudu)
♯, i.e. Yt =
dθts
ds
◦ (θts)
−1 with s ∈ R,
and θt0 = idM . Since Y1 = 0 = Y0, we derive that θ
0
s = idM = θ
1
s for all
s. It is not too hard to see that the isotopy ϕt = θ
t
1 ◦ φ
t
(0,H) is homotopic to
φt(0,H) relatively with fixed endpoints. In addition, for each u ∈ [0, 1], we have
Fluxω((ϕt)0≤t≤u) = 0. This implies that∫ u
0
[ι(ϕ˙t)ω]dt = 0,
for all u ∈ [0, 1], i.e. ι(ϕ˙t)ω is exact for all t ∈ [0, 1]. Thus, the isotopy (ϕt)t
is Hamiltonian with ϕ1 = φ
1
(0,H). Let (αt) be the Hamiltonian part in Hodge’s
decomposition of Φ. The mapping
H : [0, 1]× [0, 1]→ Symp0(M,ω),
(s, t) 7→ θts ◦ φt,
induces a homotopy between (ϕt ◦ αt)t and Φ. 
3.3 The mass flow (Fathi, [17] )
Let µ be a ”good measure” on the manifold M . Let Homeo0(M,µ) denotes
the identity component in the group of measure preserving homeomorphisms
Homeo(M,µ), and ˜Homeo0(M,µ) its universal covering. For [h] = [(ht)] ∈
˜Homeo0(M,µ), and a continuous map f : M → S
1, we lift the homotopy
fht − f : M → S1 to a map fht − f from M onto R. Fathi proved that the
integral
∫
M fht − fdµ depends only on the homotopy class [h] of (ht) and the
homotopy class {f} of f in [M, S1] ≈ H1(M,Z), and that the map
F˜((ht))(f) :=
∫
M
fht − fdµ.
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defines a homomorphism
F˜ : ˜Homeo0(M,µ)→ Hom(H
1(M,Z),R) ≈ H1(M,R).
This map induces a surjective group morphism F from Homeo0(M,µ) onto a
quotient of H1(M,R) by a discrete subgroup. This map is called the Fathi mass
flow.
3.3.1 Poincare´ duality
Let k be a fixed integer such that 0 ≤ k ≤ 2n. Consider the following bilinear
map,
〈, 〉kP : H
k(M,R)×H2n−k(M,R)→ R,
([α], [β]) 7→
∫
M
α ∧ β,
is well defined, i.e. 〈[α], [β]〉kP does not depend on the choice of representatives in
the cohomology class [α] or [β] (this is an easy application of the Stokes formula).
Moreover this bilinear form provides an isomorphism between Hk(M,R) and
the dual space of H2n−k(M,R). In particular, when α ∈ Ωk(M) is closed and
satisfies 〈[α], [β]〉kP = 0 for all [β] ∈ H
2n−k(M,R) then there exists θ ∈ Ωk−1(M)
such that α = dθ.
3.3.2 Fathi’s duality theorem
It is showed in [17] that the flux for volume-preserving diffeomorphisms is the
Poincare´ dual of Fathi’s mass flow. Furthermore, following Fathi’s [17], the latter
duality result can be stated as follows. Let σ denotes the canonical volume form
on S1 given by the orientation of the circle. Then, for any function f :M → S1,
we get
〈Fluxω(Φ), [
ωn−1
(n− 1)!
∧ f∗σ]〉1P = F˜(Φ)(f)
3.4 The C0−metric
Let Homeo(M) be the homeomorphisms’ group of M equipped with the C0−
compact-open topology. This is the metric topology induced by the distance
d0(f, h) = max(dC0(f, h), dC0(f
−1, h−1)) where dC0(f, h) = supx∈M d(h(x), f(x))
and d is a distance on M induced by the Riemannian metric g. On the
space of all continuous paths ̺ : [0, 1] → Homeo(M) such that ̺(0) = id,
we consider the C0−topology as the metric topology induced by the metric
d¯(λ, µ) = maxt∈[0,1] d0(λ(t), µ(t)).
4 Topological symplectic isotopies [7], [31], [34]
The introduction of topological symplectic isotopies can be motivated by the
following result found in [35].
Theorem 4.1. ([35]) Let (M,ω) be a closed symplectic manifold. Let Φi = {φti}
be a sequence of symplectic isotopies, Ψ = {ψt} ∈ Iso(M,ω), and φ : M → M
be a map such that
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• (φ1i ) converges uniformly to φ, and
• l∞(Φ−1i ◦Ψ)→ 0, i→∞.
Then we must have φ = ψ1.
The L(1,∞) version of Theorem 4.1 was recently pointed out using the pos-
itivity of the symplectic displacement energy (see [7]). The proof of Theorem
4.1 given in [35] shows that the need of the positivity result of the symplectic
displacement energy may depend on the choice of Banyaga’s topology on the
space of symplectic isotopies. The proof of Theorem 4.1 given in [35] suggests
to think of the following questions.
Let φ be a symplectic diffeomorphism whose flux is nontrivial. Assume that
φ displaces totally a given nonempty open subset O ⊂M . Then, is the Hamilto-
nian diffeomorphism arising in Hodge’s decomposition of φ can totally displace
the open subset in question?
To put Theorem 4.1 into further prospective, observe that it tells us to
think of the following situation: if in Theorem 4.1 the sequence Φi = {φ
t
i} is
only Cauchy in D2, then
• What can we say about the nature of φ?
• Can φ be viewed as the time-one map of some continuous path?
An attempt to answer the above questions can justify the following definitions.
Definition 4.2. ([9]) A continuous map ξ : [0, 1] → Homeo(M) with ξ(0) =
id is called strong symplectic isotopy if there exists a D2− Cauchy sequence
(Fi, λi) ⊂ T(M,ω, g) such that d¯(φ(Fi,λi), ξ)→ 0, i→∞.
The following result is the L∞− context of Lemma 3.4 found in [8].
Lemma 4.3. Let (φ(Ui,Hi), (U
i,Hi)) be a (D2 + d¯)−Cauchy sequence. Then
the following holds true,
max
t
osc(∆t(H
i −Hi−1, φ(Ui−1,Hi−1)))→ 0, i→∞.
Proof of Lemma 4.3. The proof of Lemma 4.3 is a verbatim repetition of
the proof of Lemma 3.4 found in [8]. 
Corollary 4.4. Let Φi = (φ
t
i) be a sequence of symplectic isotopies which is
Cauchy with respect to the metric d¯ such that the sequence of 1−parameter
family of symplectic vector fields X it :=
dφti
dt
◦ (φti)
−1 is Cauchy in the norm
‖.‖∞. Then, the sequence of 1−parameter family of symplectic vector fields
Y it := −(φ
−t
i )∗(X
i
t) is Cauchy in the norm ‖.‖
∞.
Proof of Corollary 4.4. Put Φi = φ(Ui,Hi). By definition of Y
i
t , we have
‖Y i − Y i+1‖∞ = max
t
osc(U it ◦ φ
t
i −U
i+1
t ◦ φ
t
i+1 − ∆˜t(H
i,Φi) + ∆˜t(H
i+1,Φi+1))
+max
t
|Hi −Hi+1|
12
≤ max
t
osc(U it ◦ φ
t
i − U
i
t ◦ φ
t
i+1) + maxt
osc(U it ◦ φ
t
i+1 − U
i+1
t ◦ φ
t
i+1)
+max
t
osc(∆˜t(H
i,Φi)− ∆˜t(H
i+1,Φi+1)) + max
t
|Hi −Hi+1|.
To achieve the proof it remains to show that maxt osc(∆˜t(Hi,Φi)−∆˜t(Hi+1,Φi+1))
tends to zero when i goes at infinity. To that end, we compute,
max
t
osc(∆˜t(H
i,Φi)− ∆˜t(H
i+1,Φi+1)) ≤ max
t
osc(∆˜t(H
i,Φi)− ∆˜t(H
i,Φi+1))
+max
t
osc(∆˜t(H
i,Φ1+i)− ∆˜t(H
i+1,Φi+1)),
and derive from Lemma 4.3 that
max
t
osc(∆˜t(H
i,Φ1+i)− ∆˜t(H
i+1,Φi+1))→ 0, i→∞.
Lemma 3.9 found in [35] implies that
max
t
osc(∆˜t(H
i,Φi)− ∆˜t(H
i,Φi+1))→ 0, i→∞.
This achieves the proof. 
According to Corollary 4.4, Definition (4.2) is equivalent to the following
definition.
Definition 4.5. A continuous map ξ : [0, 1] → Homeo(M) with ξ(0) = id is
called strong symplectic isotopy if there exists a sequence of symplectic isotopies
Φj = (φ
t
j) such that d¯(Φj , ξ)→ 0, j → ∞, and the sequence of smooth families
of symplectic vector fields (X it) defined by X
i
t :=
dφti
dt
◦(φti)
−1 is Cauchy in ‖.‖∞.
We denote by PSSympeo(M,ω) the space of all strong symplectic isotopies.
It is proved in [9, 34] that PSSympeo(M,ω) is a group. In particular, if
the manifold is simply connected, then the group PSSympeo(M,ω) reduces to
the group of continuous Hamiltonian flows, and the set of generators reduces to
the set of generating functions [30], [37]. The set of time-one maps of all strong
symplectic isotopies coincides with the group SSympeo(M,ω), of all strong sym-
plectic homeomorphisms [8, 6].
Note that in Definition (4.2), if the sequence (Fj , λj) is such that Fj = 0 for
all j, then the corresponding strong symplectic isotopy is called a topological
harmonic isotopy (see [34]).
For simplicity, in the rest of the present paper, we will sometimes say that
a sequence of symplectic isotopies (φti) is Cauchy in ‖.‖
∞ to mean to mean
the sequence of smooth families of symplectic vector fields (Zit) defined by
Zit :=
dφti
dt
◦ (φti)
−1 is Cauchy in ‖.‖∞.
Some of the following questions can be found in [34].
Question (a)
Is the space of all topological harmonic flows strictly contain the space of smooth
harmonic isotopies?
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Question (b)
What is the intersection of the set of all topological harmonic flows and the
space of all topological Hamiltonian flows?
Question (c)
Is any continuous path γ : t 7→ γt in SSympeo(M,ω) with γ0 = id, a strong
symplectic isotopy?
It is not too hard to see that the uniqueness results of Theorem 1.3 and
Theorem 1.4 imply that the set of all topological harmonic flows intersects the
space of all topological Hamiltonian flows, and the latter intersection contains
a single element which is the constant path identity.
We start the main results of this paper by scanning the following well-known
result from flux geometry which is due to Banyaga [2, 3] : ”Any symplectic
isotopy whose flux is sufficiently small in H1(M,R) is homotopic relatively with
fixed extremities to a Hamiltonian isotopy”. This follows from the discreteness
of the flux group Γ that was proved in Ono [32]. However, in the C0 case, such
a result is not yet known, i.e. it is not know any criterion that may satisfies
a given ssympeotopy ξ (which is not a Hameotopy) to be homotopic relatively
with fixed extremities a Hameotopy. Analyzing the prove that was given by
Banyaga [2, 3] in the smooth case together with the construction of Fathi’s
mass flow, it follows from our intuition that in the C0 case, a key ingredient
of such a problem lies in Fathi’s Poincare´ duality theorem [17]. To that end,
we point out the following result showing an interplay between the symplectic
dynamical system and the topological dynamical system.
Theorem 4.6. (Sequential-Homotopic Fathi’s duality theorem) Let (M,ω) be
any closed symplectic manifold, and ξ be a ssympeotopy whose Fathi’s mass
flow is trivial. If (Φi) is any sequence of symplectic isotopies which is Cauchy
in ‖.‖∞, and converges in d¯ to ξ. Then, one can extract a subsequence (νi) of
the sequence (Φi) so that for each i, the isotopy νi is homotopic to a Hamilto-
nian isotopy Ψi (relatively with fixed extremities). The sequence (Ψi) is Cauchy
in ‖.‖∞, and converges in d¯ to a Hameotopy µ. Furthermore, the paths µ is
homotopic relatively with fixed extremities to ξ.
In particular, Theorem 4.6 implies that any ssympeotopies whose Fathi’s
mass flow is trivial admits its extremities in the group of Hamiltonian homeo-
morphisms defined in [30]. Some avatars of Theorem 4.6 are underlying to the
following facts.
1. If ξ is a loop at the identity, then can we deform the sequence (Φi) into a
sequence of loops at the identity (Ψi) such that (Ψi) is Cauchy in ‖.‖∞,
and converges in d¯ to ξ?
2. If ξ is homotopic to the constant path identity, then can we extract a
subsequence (Ψi) of the sequence (Φi) such that for each i, the isotopy Ψi
is homotopic to the constant path identity?
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It is not too hard to see that each of the above question falls within the ambit
of uniform approximation of (volume-preserving) homeomorphisms by (volume-
preserving) diffeomorphisms. Such problems had been studied in Eliashberg
[16], Gromov [18], Mu¨ller [27], Munkres [29], and Connell [14, 15]. The following
result gives an affirmative answer of question (1).
Theorem 4.7. (Sequential Weinstein’s deformation ) Let (M,ω) be any closed
symplectic manifold. Let ξ be any strong symplectic isotopy which is a loop at
the identity. If (Φi) is any sequence of symplectic isotopies which is Cauchy in
‖.‖∞, and converges in d¯ to ξ. Then, the sequence (Φi) can be deformed onto a
sequence of loops (Ψi) which is Cauchy in ‖.‖∞, and converges in d¯ to ξ.
Besides of the above results, we have elaborated the following result that
contributes to the comprehension of the topological symplectic dynamical sys-
tems. In fact, it shows in particular that any strong symplectic isotopy which
is a 1−parameter group decomposes as composition of a smooth harmonic flow
and a continuous Hamiltonian flow in the sense of Oh-Mu¨ller.
Theorem 4.8. Let β = (βt)t∈[0,1] be a strong symplectic isotopy. Assume that
β = (βt)t∈[0,1] is a 1−parameter group ( i.e: βt+s = βt ◦ βs ∀s, t ∈ [0, 1] such
that (s+ t) lies in [0, 1]). Then, its generator (F, λ) is time-independent.
4.1 Generators of ssympeotopies
Let N 0([0, 1]×M ,R) be the completion of the metric space N ([0, 1]×M ,R)
for the L∞ Hofer norm, and PH1(M, g)0 be the completion of the metric space
PH1(M, g) for the uniform sup norm. Put,
J0(M,ω, g) =: N 0([0, 1]×M ,R)× PH1(M, g)0,
and consider the following inclusion map i0 : T(M,ω, g) → J0(M,ω, g). The
map i0 is uniformly continuous with respect of the topology induced by the
metric D2 on the space T(M,ω, g), and the natural topology of the complete
metric space J0(M,ω, g). Now, let L(M,ω, g) denotes the space image(i0),
and T(M,ω, g)0 be the closure of L(M,ω, g) inside the complete metric space
J0(M,ω, g). That is, T(M,ω, g)0 consists of pairs (U,H) where the mappings
(t, x) 7→ Ut(x) and t 7→ Ht are continuous, and for each t, Ht lies in H1(M, g)
such that there exists a D2−Cauchy sequence (U i,Hi) ⊂ T(M,ω, g) that con-
verges to (U,H) ∈ J0(M,ω, g).
Observe that the sequence (Fj , λj) in Definition (4.2) converges necessarily
in the complete metric space T(M,ω, g)0. The latter limit represents what we
called in the beginning the ”generator” of the strong symplectic isotopy ξ.
In the rest of this work, for short, we will often write (F i, λi)
L∞
−−→ (U,H) to
mean that the sequence (F i, λi) converges to (U,H) in the space J0(M,ω, g).
4.2 Group structure of GSSympeo(M,ω, g), [9]
Definition 4.9. ([9]) We define the set GSSympeo(M,ω, g) as the space of
pairs (ξ, (U,H)) where ξ is an L∞−ssympeotopy admitting (U,H) as generator.
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Definition 4.10. We define the symplectic topology on the spaceGSSympeo(M,ω, g)
as the subspace topology induced by its inclusion in the complete topological
space P(Homeo(M), id)× T(M,ω, g)0.
4.2.1 Group structure of GSSympeo(M,ω, g)
The group structure on the space GSSympeo(M,ω, g) is defined as follows:
For all (ξ, (F, λ)), (µ, (V, θ)) ∈ GSSympeo(M,ω, g), their product is given by,
(ξ, (F, λ)) ∗ (µ, (V, θ)) = (ξ ◦ µ, (F + V ◦ ξ−1 +∆0(θ, ξ−1), λ+ θ)),
and the inverse of the element (ξ, (F, λ)) is given by,
(ξ, (F, λ)) = (ξ−1, (−F ◦ ξ −∆0(λ, ξ),−λ)),
where
∆0(θ, ξ−1) =: lim
L∞
(∆˜(θi, φ−1(F i,λi)), (4.1)
∆0(λ, ξ) =: lim
L∞
(∆˜(λi, φ(F i,λi)), (4.2)
(F i, λi), and (V i, θi) are two arbitrary sequences in T(M,ω, g) such that
(F i, λi)
L∞
−−→ (U,H),
(V i, θi)
L∞
−−→ (V, θ),
and ∆˜t(λ
i, φ−1(F i,λi)) is the function ∆t(λ
i, φ−1(F i,λi)) normalized.
Remark 4.11. The functions defined in relations (4.1) and (4.2) do make sense
because one derives from Lemma 3.9 found in [35] that both sequences of smooth
functions ∆˜(λi, φ(F i,λi)) and ∆˜(θ
i, φ−1(F i,λi)) are Cauchy in the L
∞ metric, hence
converge in the space N 0([0, 1]×M,R).
For short, we will often write ” (C0 + L∞)−topology” to mean the C0−
symplectic topology on the space GSSympeo(M,ω, g), and often
(λ, (U,H)) = lim
C0+L∞
(φ(Ui,Hi))
will mean that (λ, (U,H)) is the limit in the space GSSympeo(M,ω, g) of a
sequence (φ(Ui,Hi), (U
i,Hi)) where φ(Ui,Hi) is the sequence of symplectic iso-
topies generated by (U i,Hi). It is proved in [9] that GSSympeo(M,ω, g) is a
topological group with respect to the (C0 + L∞)−topology.
Remark 4.12. Using a result found in [35] together with Fatou’s lemma from
measure theory, one can check that in relations (4.2), if ξ is a continuous Hamil-
tonian flow in the sense of Oh-Mu¨ller, then,∫
M
∆0t (θ, ξ)dµ(x) = 0,
for each t, where µ is the Liouville measure. In addition, let ξ be a ssympeotopy,
and α be any closed 1−form over M . If (Φi) is any sequence of symplectic
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isotopies which is Cauchy in ‖.‖∞, and converges in d¯ to ξ. Then, the mapping
following mapping is well-defined
Sα : ξ 7−→
1
n
lim
C0+L∞
∫
M
∆1(α,Φi)ω
n.
In deed, If (Ψi) is another sequence of symplectic isotopies which is Cauchy in
‖.‖∞, and converges in d¯ to ξ, then
|
1
n
∫
M
∆1(α,Φi)ω
n −
1
n
∫
M
∆1(α,Ψi)ω
n| ≤ 〈Fluxω(Φi ◦Ψ
−1
i ), [α ∧ ω
n−1]〉P ,
≤ ‖Fluxω(Φi ◦Ψ
−1
i )‖L2 .‖[α ∧ ω
n−1]‖L2 ,
for each i, 〈, 〉P is the Poincare´ scalar product, and ‖, ‖L2 stands for the L
2−Hodge
norm on the space H∗(M,R). Therefore,
lim
C0+L∞
|
1
n
∫
M
∆1(α,Φi)ω
n −
1
n
∫
M
∆1(α,Ψi)ω
n| = 0,
since ‖Fluxω(Φi ◦Ψ
−1
i )‖L2 → 0, i→∞. We get a linear mapping
K0(ξ) : H
1(M,R) −→ R, [α] 7−→ Sα(ξ),
for each ξ. Thus, K0(ξ) belongs to the dual space of H1(M,R) which is
H1(M,R). This seems to suggest that we can construct a group homomorphism
K0 : PSSympeo(M,ω) −→ H1(M,R), ξ 7−→ K0(ξ),
which is similar to the Fathi’s mass flow, and kerK0 contains the group of all
continuous Hamiltonian flows. We do not know whether K0 can give rise to a
C0−symplectic invariant or not, and we do not study the above mapping in this
paper.
Theorem 1.4 is equivalent to the following result.
Theorem 4.13. Any generator corresponds to a unique strong symplectic iso-
topy, i.e. if (γ, (U,H)), (ξ, (U,H)) ∈ GSSympeo(M,ω, g), then we must have
γ = ξ.
4.3 Proofs of Theorem 1.4 and Theorem 4.8
Proof of Theorem 4.13. Let (γ, (U,H)) and (ξ, (U,H)) be two elements of
GSSympeo(M,ω, g). By definition of the group GSSympeo(M,ω, g), there
exist two sequences of symplectic isotopies φ(Ui,Hi) and φ(Vi,Ki) such that
(γ, (U,H)) = lim
C0+L∞
(φ(Ui,Hi)),
and
(ξ, (U,H)) = lim
C0+L∞
(φ(Vi,Ki)).
Assume that γ 6= ξ, i.e. there exists s0 ∈]0, 1] such that γ(s0) 6= ξ(s0). Since
the map γ−1(s0) ◦ ξ(s0) belongs to Homeo(M), we derive from the identity
γ−1(s0) ◦ ξ(s0) 6= id, the existence of a closed ball B which is entirely moved by
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γ−1(s0) ◦ ξ(s0). From the compactness of B, and the uniform convergence of
the sequence φ−1(Ui,Hi) ◦ φ(Vi,Ki) to γ
−1 ◦ ξ, we derive that
(φ−s0(Ui,Hi) ◦ φ
s0
(Vi,Ki)
)(B) ∩ (B) = ∅, (4.3)
for all sufficiently large i. Relation (4.3) implies that,
0<eS(B) ≤ l
∞(φ−1(Ui,Hi) ◦ φ(Vi,Ki)),
for all sufficiently large i, where eS is the symplectic displacement energy from
Banyaga-Hurtubise-Spaeth [7], and l∞(.) represents the L∞ length functional
of symplectic isotopies [4]. On the other hand, compute
l∞(φ−1(Ui,Hi)◦φ(Vi,Ki)) = maxt
osc(−Ui◦φ(Ui,Hi)+Vi◦φ(Ui,Hi)+∆˜t(Ki−Hi, φ(Ui,Hi)))
+max
t
|Hti −K
t
i |
≤ max
t
|Hti −K
t
i |+maxt
osc(∆˜t(Ki −Hi, φ(Ui,Hi)))
+max
t
osc(−Ui ◦ φ(Ui,Hi) + Ui ◦ φ(Ui+1,Hi+1))
+max
t
osc(−Ui ◦ φ(Ui+1,Hi+1) + U ◦ φ(Ui+1,Hi+1))
+max
t
osc(−U ◦ φ(Ui+1,Hi+1) + Vi ◦ φ(Ui+1,Hi+1))
+max
t
osc(−Vi ◦ φ(Ui+1,Hi+1) + Vi ◦ φ(Ui,Hi)).
So, to prove that the right hand side of the above estimates tends to zero when
i goes at infinity, we only need to prove that
max
t
osc(−Ui ◦ φ(Ui,Hi) + Vi ◦ φ(Ui,Hi) + ∆˜t(Ki −Hi, φ(Ui,Hi)))→ 0, i→∞.
This follows from a straightforward application of Lemma 3.4 found in [8]. This
contradicts the positivity of the symplectic displacement energy from Banyaga-
Hurtubise-Spaeth [7]. This achieves the proof.
According to the above uniqueness results of strong symplectic isotopies
and their generators vise versa, we will denote any strong symplectic isotopy
λ by λ(U,H) to mean that it is generated by (U,H), or equivalently λ(U,H) is a
limit of a sequence of symplectic isotopies φ(Ui,Hi) with respect to the (C
0 +
L∞)−topology, i.e.
λ(U,H) = lim
C0+L∞
(φ(Ui,Hi)).
Proof of Theorem 4.8. Let β(F,λ) be a strong symplectic isotopy.
• Step (1). Assume that
βt+s(F,λ) = β
t
(F,λ) ◦ β
s
(F,λ),
∀s, t ∈ [0, 1] such that (s + t) lies in [0, 1]. We may prove that λt = λs,
and F t(x) = F s(x) for all t, s ∈ [0, 1], and for all x ∈M . By definition of
the path t 7→ βt(F,λ), we have
β(F,λ) = lim
C0+L∞
(φ(Fi,λi)),
18
where φ(Fi,λi) is a sequence of symplectic isotopies. Observe that for each
fixed s ∈ [0, 1], the sequence of symplectic maps defined by
Ψis(t) = φ
(t+s)
(Fi,λi)
◦ (φs(Fi,λi))
−1,
for all t such that (t+ s) belongs to [0, 1], converges in d¯ to β(F,λ).
• Step (2). On the other hand, for each i compute the derivative (in t) of
the path t 7→ Ψis(t), and derive from the chain rule that at each time t, the
tangent vector to the path t 7→ Ψis(t) coincides with the tangent vector
to the path t 7→ φ
(t+s)
(Fi,λi)
. That is, the isotopy t 7→ Ψis(t) is generated by
an element (U is, H
i
s) where U
i
s(t) = F
t+s
i , and H
i
s(t) = λ
t+s
i for all t such
that (t + s) belongs to [0, 1], and for each i. Furthermore, the sequence
of generators (U is, H
i
s) converges in the L
∞− metric to (Us, Hs) where
Us(t) = F
t+s, and Hs(t) = λ
t+s for all t such that (t+ s) belongs to [0, 1].
• It follows from steps (1) and (2) that the element (Us, Hs) generates the
strong symplectic isotopy β(F,λ). Thus, Theorem 1.3 tells us that for each
fixed s ∈ [0, 1] we must have λt = λt+s, and F t(x) = F s+t(x) for all
t ∈ [0, 1] such that (t + s) belongs to [0, 1] and for all x ∈ M. This is
always true for a given s ∈ [0, 1] such that (t+ s) belongs to [0, 1], i.e. we
have λt = λ0, and F t(x) = F 0(x) for all t ∈ [0, 1], and for all x ∈M. This
achieves the proof. 
As we said in the beginning, Theorem 4.8 suggests that any strong sym-
plectic isotopy which is a 1−parameter group decomposes into the composition
of smooth harmonic flow and a continuous Hamiltonian flow in the sense of
Oh-Mu¨ller [31].
Question (e)
Is 1−parameter group any strong symplectic isotopy which decomposes into the
composition of smooth harmonic flow and a continuous Hamiltonian flow?
We have the following fact.
Lemma 4.14. Let λt(U,H), t ∈ [0, 1] be any strong symplectic isotopy. For each
fixed s ∈ [0, 1), the path t 7→ λt(V,K) := λ
(t+s)
(U,H) ◦ (λ
s
(U,H))
−1 is a strong symplectic
isotopy generated by (V,K) where V (t, x) = U(t+ s, x), and Kt = H(t+s) for all
t ∈ [0, 1− s], and for all x ∈M .
Proof of Lemma 4.14. Assume that λ(U,H) = limC0+L∞(φ(Ui,Hi)). For each
fixed s ∈ [0, 1), consider the sequence φ(V i,Ki) of symplectic isotopies defined by
φt(V i,Ki) = φ
(t+s)
(Ui,Hi) ◦ (φ
s
(Ui,Hi))
−1,
for all t, and for each i. Compute the derivative (in t) of the path t 7→ φt(V i,Ki),
and derive from the chain rule that at each time t, the tangent vector to the
path t 7→ φt(V i,Ki) coincides with the tangent vector to the path t 7→ φ
(t+s)
(Ui,Hi), or
equivalently we get V i(t) = U i(t+s), and Kit = H
i
(t+s) for all t ∈ [0, 1] such that
(t+s) belongs to [0, 1]. A straightforward computation implies that the sequence
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of symplectic isotopies t 7→ φt(V i,Ki) converges in d¯ to λ
(t+s)
(U,H) ◦(λ
s
(U,H))
−1, as well
as the sequence of generators (V i,Ki) converges in the L∞ topology to an ele-
ment (V,K) such that V (t, x) = U(t+s, x), and Kt = H(t+s) for all t ∈ [0, 1−s],
and for all x ∈ M . That is, λ(V,K) is a strong symplectic isotopy generated by
(V,K), i.e. λ(V,K) = limC0+L∞(φ(V i,Ki)). This completes the proof. 
In the following, by ♯ we denote the natural isomorphism induced by the
symplectic form ω from cotangent bundle TM∗ to tangent bundle TM .
We will need the following lemma.
Lemma 4.15. (Sequential deformation) Let (M,ω) be any closed symplectic
manifold. Let (Zit) be a ‖.‖
∞−Cauchy sequence of harmonic vector fields. For
each i, set
Z
(s,t)
i = tZ
i
st − 2s(
∫ t
0
(ι(Ziu)ω)du)
♯,
Y ti = −
∫ t
0
Ziudu.
We have the following properties.
1. For each i, (Y ti )t is a smooth family of harmonic vector fields, the sequence
(Y ti )t is Cauchy in ‖.‖
∞, and the sequence smooth paths generated by (Y ti )t
converges in d¯. The latter limit is a strong symplectic isotopy.
2. For each fixed t, let (θis,t)s denotes the flow generated by Y
t
i . Then, (θ
i
s,t)s
converges in d¯. The latter limit is a strong symplectic isotopy.
3. For each i, for each fixed t, sequence of family of symplectic vector fields
(Z
(s,t)
i )s converges in ‖.‖
∞, and the sequence of smooth paths (Gi(s,t))s
generated by (Z
(s,t)
i )s converges in d¯. The latter limit is then obviously a
strong symplectic isotopy.
4. For each fixed s, the sequence of family of symplectic vector fields defined
by V i(s,t) =
d
dt
Gi(s,t)((G
i
(s,t))
−1) is Cauchy in ‖.‖∞.
Proof of Lemma 4.15. This proof is subtle, in view of this fact we shall
proceed step by step. Let (Zit) be a sequence of harmonic vector fields which is
Cauchy in ‖.‖∞.
• (1). For each i, for each u ∈ [0, t], Ziu is harmonic, and
the map t 7→ −
∫ t
0 Z
i
udu is smooth, i.e. Y
t
i is harmonic. Compute,
‖(Y ti )t − (Y
t
1+i)t‖
∞ ≤ ‖(Zit)t − (Z
1+i
t )t‖
∞,
for each i, and conclude that the right hand side tends to zero when i
goes at infinity. Since the sequence (Y ti )t is Cauchy in ‖.‖
∞, we derive
that the sequence of smooth family of harmonic 1−forms (Hti)t defined
by ι(Y ti )ω = H
t
i is Cauchy in PH
1(M, g) with respect to the norm ‖.‖∞.
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Hence, the latter converges in the complete metric space PH1(M, g)0 to
a continuous family of smooth harmonic 1−forms (Ht). Since (Ht)♯ is a
continuous family of vector fields, we derive from [34] (Lemma 5.1, [34]) or
[1] that the sequence of smooth paths generated by (Y ti )t converges in d¯ to
a continuous family of smooth diffeomorphisms. Therefore, the celebrated
rigidity theorem from Eliashberg-Gromov tells us that the latter limit is
a continuous family of smooth symplectic diffeomorphisms.
• (2). For each fixed t, since the sequence of harmonic vector fields (Y ti )i is
Cauchy in ‖.‖∞, we derive as in item (1) that the sequence (θis,t)s of flows
generated by the sequence (Y ti )i converge in d¯.
• (3). It is not too hard to derive from the assumption that for each fixed t,
the sequence symplectic vector fields (Z
(s,t)
i )s is Cauchy in ‖.‖
∞ since for
each fixed t, a straightforward calculation leads to the following estimate
‖(Z
(s,t)
i+1 )s − (Z
(s,t)
i )s‖
∞ ≤ 3‖(Ziu)− (Z
i+1
u )‖
∞.
On the other hand,since the sequence of harmonic vectors fields (Z
(s,t)
i )s
is Cauchy in ‖.‖∞, one uses the same arguments as in item (1) to derive
that the sequence of symplectic isotopies (Gi(s,t))s generated by (Z
(s,t)
i )s
converges in d¯ to a continuous family (G(t,s))s of symplectic diffeomor-
phisms. That is, for each fixed t, the continuous family (G(t,s))s of sym-
plectic diffeomorphisms is a strong symplectic isotopy so that the map
(s, t) 7→ G(s,t) is continuous. It follows from the above that for each fixed
s, the sequence of symplectic isotopies (Gi(s,t))t converges uniformly to the
continuous family (G(t,s))t of symplectic diffeomorphisms.
• (4). The main argument used in the following can be found in [4]. Let
symp(M,ω) be the space of symplectic vector fields. Consider X to be the
space of all smooth curves,
c : I = [0, 1]→ symp(M,ω),
with c(0) = 0 endowed with the norm ‖.‖∞. Then, we equip the product
space X× I with the following distance
δ((c, s), (c′, s′)) = ((‖c− c′‖∞)2 + |s− s′|2)1/2.
On the other hand, consider N to be the space of all smooth functions
u : I × I → symp(M,ω) endowed with the norm
‖u‖0 = sup
s,t
‖u(s, t)‖.
We have the following smooth mappings,
As : c(t) 7→ tc(st)− 2s(
∫ t
0
(ic(u)ω)du)
♯ = Us,t
Is : Us,t 7→ Gs,t
∂t : Gs,t 7→
∂
∂tGs,t,
which induce the following Lipschitz map R : X × I → N where R =
∂t ◦ Is ◦ As. Observe that for each i, the 2-parameter family of vector
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fields V is,t is the image of the couple ((Z
i
t), s) by the Lipschitz continuous
mapping R. Then, it follows from the Lipschitz uniform continuity that
for all fixed s, the sequence of symplectic vector fields (V is,t)t is Cauchy in
‖.‖∞ because
sup
t
|V is,t − V
1+i
s,t | = δ(R((Z
i
t), s),R((Z
1+i
t ), s))
≤ κ‖(Zit)− (Z
1+i
t )‖
∞
(4.4)
where κ is the Lipschitz constant of the map R. The right hand side of
the above estimate tends to zero when i goes at infinity. This achieves the
proof. 
5 An enlargement of the first Calabi’s invariant
Note that in view of the uniqueness results of Theorem 1.3 and Theorem 1.4
the groups PSSympeo(M,ω) and GSSympeo(M,ω, g) are isomorphic, i.e.
GSSympeo(M,ω, g) ≈ PSSympeo(M,ω).
So, we identify GSSympeo(M,ω, g) with PSSympeo(M,ω), and refer to the
topology on PSSympeo(M,ω) as the (C0 + L∞)−topology. Under this identi-
fication, PSSympeo(M,ω) can be viewed as a topological group.
Definition 5.1. We define the symplectic topology on the space SSympeo(M,ω)
to be the strongest topology which makes the mapping
ev : PSSympeo(M,ω)→ SSympeo(M,ω),
ξ(F,λ) 7→ ξ
1
(F,λ),
becomes continuous with respect to the (C0+L∞)−topology on PSSympeo(M,ω).
Denote by SSympeo(M,ω) the group SSympeo(M,ω) equipped with the
symplectic topology. By definition, the map
ev : PSSympeo(M,ω)→ SSympeo(M,ω)
is surjective, continuous and open. In fact, the openness of ev is proved as fol-
lows. Pick an open subset O inside the space PSSympeo(M,ω). We have to
prove that ev(O) is an open subset inside the topological spaceSSympeo(M,ω).
By definition of the topological structure on the space SSympeo(M,ω), it suf-
fices to prove that the subset ev−1(ev(O)) is open in PSSympeo(M,ω).
Let γ be a loop inside the topological group PSSympeo(M,ω), and let Lγ de-
notes the left translation by γ inside the topological group PSSympeo(M,ω).
We have ev(Lγ(O)) = ev(O) which implies that Lγ(O) ⊂ ev
−1(ev(O)). Then,
by taking the union over all the loops γ in PSSympeo(M,ω) we obtain⋃
γ Lγ(O) ⊂ ev
−1(ev(O)). Since translations are open in any topological group,
it follows that
⋃
γ Lγ(O) is open as an arbitrarily collection of open sets (we refer
to [22], [23] for further comprehension of topological groups). On the another
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hand, let α be an element that belongs to ev−1(ev(O)). By characterization
of any element therein ev−1(ev(O)), there exists an element β in O such that
α = ev−1(ev(β)). That is, ev(α) = ev(β) since ev is surjective. From the iden-
tity α = (α ◦ β−1) ◦ β we derive that α ∈ Lα◦β−1(O) since α ◦ β
−1 is a loop at
the identity. That is, ev−1(ev(O)) ⊂
⋃
γ Lγ(O). Finally,
ev−1(ev(O)) =
⋃
γ
Lγ(O),
is open. As a consequence of the above fact we see that SSympeo(M,ω) is a
topological group.
5.1 The mass flow for strong symplectic isotopies
In the following subsection, we compute the mass flow for strong symplectic
isotopies.
Let (Φi) be a sequence of symplectic isotopies which converges in d¯ to λ.
According to Fathi’s, the assignation λ 7→ F˜(λ) is continuous with the respect
to the uniform topology, i.e.
lim
d¯
(F˜(Φi)(f)) = F˜(λ)(f),
for all continuous mapping f :M → S1. This implies that
lim
d¯
〈Fluxω(Φi), [
ωn−1
(n− 1)!
∧ f∗σ]〉1P = F˜(λ)(f),
for all continuous mapping f : M → S1 (see Section 3.3 of the present paper).
But, in the latter equality one cannot permute the limit in d¯ with the inte-
gral since the convergence of the sequence (Φi) in d¯ does not guarantee that
the sequence of cohomological classes (Fluxω(Φi)) converges in H
1(M,R) with
respect to the topology induced by the vector space structure. For instance,
consider the following continuous mappings,
P2 : PSSympeo(M,ω)→ PH
1(M, g)0,
ξ(F,θ) 7→ θ,
Q0 : PSSympeo(M,ω)→ P(Homeo(M), id),
ξ(F,θ) 7→ ξ(F,θ).
Since any symplectic isotopy φ(U,H) belongs to PSSympeo(M,ω), we derive
that,
〈[
∫ 1
0
P2(φ(U,H))(t)dt], [
ωn−1
(n− 1)!
∧ f∗σ]〉1P = F˜(Q0(φ(U,H)))(f), (5.1)
where
[
∫ 1
0
P2(φ(U,H))(t)dt] =
∫ 1
0
[Ht]dt = Fluxω(φ(U,H)).
23
Let λ(U,H) be a strong symplectic isotopy such that
λ(U,H) = lim
(C0+L∞)
(φ(Ui,Hi)).
According to equation (5.1), we have,
〈[
∫ 1
0
P2(φ(Ui,Hi))(t)dt], [
ωn−1
(n− 1)!
∧ f∗σ]〉1P = F˜(φ(Ui,Hi))(f),
for each i, and taking the limit with respect to the (C0+L∞)−topology in both
sides leads to,
F˜(λ(U,H))(f) = lim(C0+L∞)〈[
∫ 1
0 P2(φ(Ui,Hi))(t)dt], [
ωn−1
(n− 1)!
∧ f∗σ]〉1P
= 〈limL∞ Fluxω((φ(Ui,Hi)), [
ωn−1
(n− 1)!
∧ f∗σ]〉1P
= 〈[
∫ 1
0 Htdt], [
ωn−1
(n− 1)!
∧ f∗σ]〉1P .
Therefore, it follows from the above estimates that the mass flow of any strong
symplectic isotopy λ(U,H) is given by :
F˜(λ(U,H))(f) =
1
(n− 1)!
∫
M
(
∫ 1
0
Htdt) ∧ ω
n−1 ∧ f∗σ, (5.2)
for all continuous mapping f : M → S1. In particular, since any continuous
Hamiltonian flow ξ (in the sense of Oh-Mu¨ller) can be written as ξ = ξ(U,0), we
derive from equation (5.2) that the mass flow of any continuous Hamiltonian
flow is trivial. This agrees with a result that was prove by Oh-Mu¨ller [31]
asserting that the mass flow of any continuous Hamiltonian flow is trivial. We
are now ready to prove Theorem 4.6.
5.2 Proofs of Theorem 4.6 and Theorem 4.7
Recall that Theorem 4.6 states that if ξ is a strong symplectic isotopy such that
F˜(ξ)(f) = 0, for any function f : M → S1, then ξ is homotopic relatively with
fixed extremities to a continuous Hamiltonian flow.
Proof of Theorem 4.6. Let ξ be a continuous symplectic flow whose Fathi’s
mass flow is trivial, and (Φi) be a sequence of symplectic isotopies such that
ξ = limC0+L∞(Φi). For each i, set Φi = (φ
i
t), and let φ
i
t = π
i
t ◦ α
i
t be the Hodge
decomposition of the isotopy (φit) where (π
i
t) is a harmonic isotopy, and (α
i
t) is
a Hamiltonian isotopy. In view of Hodge’s decomposition of strong symplectic
isotopies, one can write the ssympeotopy ξ as follows :
ξ(t) = πt ◦ αt,
where (πt) is a continuous harmonic flow, and (αt) is continuous Hamiltonian
flow in the sense of Oh-Mu¨ller (see [34], [31]).
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• Step (a). By assumption, the Fathi’s mass flow of π is trivial. Thus,
the continuity of the mapping λ 7→ F˜(λ) tells us that there exists a large
integer i0 such that for all i>i0, the mass flow F˜(ρi) is arbitrarily small.
Next, we derive from Fathi’s Poincare´ duality theorem that one can make
the flux of ρi = (ρ
i
t) arbitrarily small. Assume this done. Then, under
this assumption, we derive from Theorem 3.2 that for all i>i0, the isotopy
ρi = (ρ
i
t) is homotopic relatively with fixed endpoints to a Hamiltonian
isotopy (ϕit) constructed as in the proof of Theorem 3.2. More precisely,
it follows from the proof of Theorem 3.2 that for each t, we have
ϕit = θ
i
1,t ◦ ρ
i
t,
for each i, where for each fixed t, (θis,t)s is the flow generated by the
symplectic vector field Yt = −(
∫ t
0
ι(ρ˙iu)du)
♯. One derives from Lemma
4.15 that the sequence (ϕit) converges to a continuous Hamiltonian flow
(ϕt).
• Step (b). Consider the sequence (νi) = (Φi)i>i0 , and derive from step (a)
that for each i the path νi is homotopic to relatively with fixed extremi-
ties to ϕit ◦ α
i
t where the isotopy (α
i
t) is the Hamiltonian part in Hodge’s
decomposition of the isotopy Φi = (φ
i
t). As a first glance, observe that the
sequence (ϕit◦α
i)t converges in the (C
0+L∞)−topology to the continuous
Hamiltonian flow µ : t 7→ ϕt ◦αt where the isotopy (αt) is the Hamiltonian
part in Hodge’s decomposition of the ssympeotopy ξ as indicated in the
beginning of this proof. Next, compute
µ(1) = lim
C0
(ϕi1 ◦ α
i
1) = lim
C0
(ρi1 ◦ α
i
1) = lim
C0
(φ1i ) = ξ(1).
• Step (c). Lemma 4.15-(1), (2) suggests that
1. for each fixed t, the sequence of symplectic isotopies (θis,t)s converges
in PSSympeo(M,ω) to a strong symplectic isotopy (θ(s,t))s,
2. for each fixed s, the sequence of symplectic isotopies (θis,t)t converges
in PSSympeo(M,ω) to a strong symplectic isotopy (θ(s,t))t.
It follows from the above facts that for all (s, t) ∈ [0, 1] × [0, 1], the C0
limit of the sequence of symplectic diffeomorphisms (θis,t) exists, and the
latter limit lies in SSympeo(M,ω). For all (s, t) ∈ [0, 1]× [0, 1], set
lim
C0
(θis,t) = θ(s,t).
By construction, the two paths (ϕt) and t 7→ θ(1,t) ◦ πt coincide, and
θ(s,0) = θ(s,1) = idM = θ(0,t). Thus,
µ : t 7→ ϕt ◦ αt = θ(1,t) ◦ πt ◦ αt,
is a continuous Hamiltonian flow. Finally, we define a homotopy between
ξ and µ as follows.
H : [0, 1]× [0, 1]→ SSympeo(M,ω),
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(s, t) 7→ θ(s,t) ◦ πt ◦ αt,
such that H(s, 0) = id, H(s, 1) = ξ(1) = µ(1), H(0, t) = ξ(t) and
H(1, t) = µ(t). This completes the proof. 
Proof of Theorem 4.7. Since the sequence Φi converges in (C
0+L∞)−topology
to the loop ξ, we derive that the sequence of time one maps Φi(1) converges uni-
formly to the constant map identity. In view of Hodge’s decomposition theorem
of symplectic isotopies, it is known that for each i, the diffeomorphism Φi(1)
decomposes as Φi(1) = ρi ◦ ̺i where ρi is a harmonic diffeomorphism and ̺i a
Hamiltonian diffeomorphism. Hence, the bi-invariance of the metric d¯ suggests
that
dC0(ρ
−1
i (1), ̺i(1)) = dC0(Φi(1), id)→ 0, i→∞,
i.e. the sequences (ρ−1i (1)) and (̺i(1)) of time-one maps converges uniformly to
the same limit ρ. But, a result found in [34] (Lemma 5.1, [34]) shows that the
sequence (ρi) always converges in d¯ to a continuous path (ρt) in Symp0(M,ω).
Thus, it follows from the above statements that the sequence (̺i(1)) converges
uniformly to the symplectic diffeomorphism ρ−11 . That is, the sequence (Φi(1))
converges uniformly to the diffeomorphism ρ ◦ ρ−1 = id. Hence, we derivative
from the celebrated rigidity result dues to Eliashberg [16] that we can find a
large integer i0 so that for ∀i>i0, the diffeomorphism Φi(1) lies in a small C∞
neighborhood W(i, id) of the constant map identity in Symp0(M,ω) with the
following property: for all i, j>i0 such that j>i, we have
W(j, id) ⊂ W(i, id).
But, in view of a result that was proved byWeinstein [39], the group Symp0(M,ω)
is locally contractible, and then locally connected by smooth arcs with respect
to the C∞ compact-open topology. So, for all i>i0, each Φi(1) can be connected
to the identity through a smooth symplectic isotopy βi with the following prop-
erties :
• for each t, βti ∈ W(i, id),
• the L∞ Banyaga’s Hofer-like length of the isotopy βi is less or equal to
the L∞ Banyaga’s Hofer-like length of any other symplectic isotopy that
connects β1i = Φi(1) to the identity.
The latter process generates automatically a sequence (βi) of small symplectic
isotopies which Cauchy in ‖.‖∞ since l∞(βi)→ 0, i→∞. Now, set Ψi = Φi◦β
−1
i
for all i>i0. This defines a sequence loops at the identity which is Cauchy in
‖.‖∞. The latter sequence converges in d¯ to ξ. This achieves the proof.
5.3 Strong Calabi’s invariant
The formula of mass flow for strong symplectic isotopies suggests that we can
define a C0− flux geometry for strong symplectic homeomorphisms so that
Fathi’s Poincare´ duality theorem continues to hold (at least when M is of type
Lefschetz). Notice that M is of type Lefschetz, if the mapping
∪ω : H1(M,R)→ H2n−1(M,R), [α] 7−→ [α] ∧ [ωn−1],
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is an isomorphism. For this purpose, consider the following mapping,
C˜al0 : PSSympeo(M,ω) −→ H
1(M,R),
ξ(F,θ) 7→
∫ 1
0
[θt]dt.
The map C˜al0 is a well-defined, continuous and surjective because of the one-to-
one correspondence between the space of ssympeotopies and that of their gen-
erators. Furthermore, the way that the group structure on GSSympeo(M,ω, g)
is defined suggests that the map C˜al0 is a group homomorphism. In the rest
of this work, we will sometimes use the terminology ”strong flux” to mean the
mapping C˜al0.
5.3.1 Homotopic invariance of strong flux
We equip the group of all strong symplectic isotopies with the equivalent relation
∼ defined as follows:
Let ξ(Fi,θi), i = 1, 2 be two strong symplectic isotopies. We shall write
ξ(F2,θ2) ∼ ξ(F2,θ2),
if and only if ξ(F1,θ1) is homotopic relatively with fixed extremities to ξ(F2,θ2).
We shall write {ξ(F,θ)} to represent the equivalent class of the ssympeotopy
ξ(F,θ) with respect to the equivalent relation ∼. Let ˜PSSympeo(M,ω) denotes
the quotient space of PSSympeo(M,ω) with respect to the equivalent relation
∼. If SSympeo(M,ω) is locally path connected, then ˜PSSympeo(M,ω) is the
universal cover of SSympeo(M,ω).
Proposition 5.2. The map C˜al0 does not depend on the choice of a represen-
tative in the equivalent class of any strong symplectic isotopy, provided M is
Lefschetz.
Proof of Proposition 5.2. Let ξ(Fi,θi), i = 1, 2 be two strong symplectic
isotopies such that ξ(F2,θ2) ∼ ξ(F2,θ2). set
ξ(F2,θ2) = lim
C0+L∞
(φ(F i2 ,θi2)),
and
ξ(F1,θ1) = lim
C0+L∞
(φ(F i1 ,θi1)).
This is equivalent to say that ξ(F2,θ2) ◦ ξ
−1
(F1,θ1)
is homotopic relatively with fixed
endpoints to the constant path identity. Therefore, the Fathi’s mass flow of the
loop ξ(F2,θ2) ◦ξ
−1
(F1,θ1)
is trivial. But it is not difficult to see that the mass flow of
ξ(F2,θ2)◦ξ
−1
(F1,θ1)
reduce to that of ξ(0,θ2−θ1). That is, the mass flow of ξ(0,θ2−θ1) is
trivial. Since the Fathi’s mass flow is continuous with respect to the C0 topology,
we derive that for all i sufficiently large, the mass flow of the harmonic isotopy
φ(0,θi2−θi1) is arbitrarily small since the sequence (φ(0,θi2−θi1))i converges uniformly
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to ξ(0,θ2−θ1) (see [34]). Thus, we derive from Fathi’s duality Theorem together
with the Lefschetz’ property of M that we have, limi→∞
∫ 1
0 [θ
i
2(t) − θ
i
1(t)]dt, is
arbitrarily small. Therefore,
|[
∫ 1
0
θt1dt−
∫ 1
0
θt2dt]| ≤
∫ 1
0
|(θt1− θ
t
2)− (θ
i
1(t)− θ
i
2(t))|dt+ |
∫ 1
0
[θi2(t)− θ
i
1(t)]dt|,
for all i. In particular, when i tends to infinity, we get |[
∫ 1
0 θ
t
1dt−
∫ 1
0 θ
t
2dt]| ≤ 0,
i.e.
[
∫ 1
0
θt1dt] = [
∫ 1
0
θt2dt].
This completes the proof. 
5.3.2 Fundamental group of SSympeo(M,ω)
As far as i know, it is proved nowhere whether any continuous path in SSympeo(M,ω)
is a strong symplectic isotopy or not. So, we cannot identify the set of all homo-
topic classes in SSympeo(M,ω) generated by the loops at the the identity to be
the fundamental group of SSympeo(M,ω). In regard of this fact, in this work,
we write π1(SSympeo(M,ω)) to represent the set of all the equivalent classes
with respect to the equivalent relation ∼, whose all the representatives are loops
at the identity. Therefore, we define a topological flux group as follows. Set
Γ0 = C˜al0(π1(SSympeo(M,ω))).
We have the following theorem.
Theorem 5.3. Let (M,ω) be any closed symplectic manifold. Then the group
Γ0 coincides with the usual flux group Γ.
Proof of Theorem 5.3. The inclusion Γ ⊂ Γ0 is obvious. To achieve the
proof, it remains to prove that Γ0 ⊂ Γ. For this purpose, let [θ] ∈ Γ0, by
definition there exists {ξ} ∈ π1(SSympeo(M,ω)) such that [θ] = C˜al0({ξ}).
On the other hand, there exists a sequence (Φi) of symplectic isotopies such
that ξ = limC0+L∞((Φi)). Since ξ is a loop at the identity, by Theorem 4.7 the
sequence (Φi) can be deformed into a sequence of symplectic isotopies (Ψi) such
that Ψi(1) = id for all i, and ξ = limC0+L∞((Ψi)). More precisely, it follows
from Theorem 4.7 that for each i, the isotopy Ψi is of the form ζi ◦βi where (ζi)
is some subsequence of (Φi), and
lim
i→∞
Fluxω(βi) = 0.
Now, set [θi] = C˜al0({Ψi}) for all i, and derive that for each i, the element [θi]
belongs to Γ. In this way, we define a sequence ([θi])i of elements in Γ. The se-
quence (Ψi◦ξ−1) of strong symplectic isotopies converges in GSSympeo(M,ω, g)
to the identity. Then, we derive from the continuity of the map C˜al0 that
lim
i
|C˜al0(Ψi ◦ ξ
−1)| = 0,
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i.e.
lim
i
|[θi]− [θ]| ≤ lim
i
|[θi]− [θ]− C˜al0(βi)|+ lim
i
|C˜al0(βi)| → 0, i→∞,
since C˜al0(Ψi ◦ ξ
−1) = [θi] − [θ] − C˜al0(βi), and C˜al0(βi) = Fluxω(βi). But,
according to Ono [32], the flux group Γ is discrete, i.e. [θ] ∈ Γ. Finally one
concludes that the equality Γ = Γ0 holds true. This completes the proof. 
Remark 5.4. Theorem 5.3 can be viewed as a rigidity result since it suggests
that the flux group Γ stays invariant under the perturbation of the fundamental
group π1(Symp0(M,ω)) by the (C
0 + L∞)−topology at least when M is Lef-
schetz.
The homomorphism C˜al0 induces a surjective group homomorphism Cal0
from SSympeo(M,ω) onto H1(M,R)/Γ such that the following diagram com-
mutes
˜PSSympeo(M,ω)
C˜al0−−−→ H1(M,R)
e˜v ↓ ↓ π2
SSympeo(M,ω)
Cal0−−−→ H1(M,R)/Γ.
(II)
where e˜v and π2 are projection mappings. Denote by ˜Hameo(M,ω) the subset
of ˜PSSympeo(M,ω) which is mapped onto the group Hameo(M,ω), under e˜v.
Let ˜Ham(M,ω) be the universal covering of the space Ham(M,ω).
Theorem 5.5. Let (M,ω) be a closed symplectic manifold. Then,
{ξ} ∈ ˜Hameo(M,ω)⇔ C˜al0({ξ}) = 0.
Proof of Theorem 5.5. Assume that {ξ} ∈ ˜PSSympeo(M,ω) such that
{ξ} ∈ ˜Hameo(M,ω). Since h = ξ(1) ∈ Hameo(M,ω), then {ξ} admits a
representative λ which is a continuous Hamiltonian flow. Thus,
C˜al0({ξ}) = C˜al0({λ}) = 0.
For the converse, assume that {ξ} ∈ ˜PSSympeo(M,ω) such that
C˜al0({ξ}) = 0.
By Fathi’s Poincare´ duality theorem (equation (5.2)), the Fathi mass flow of ξ
vanishes. Then, we derive from Theorem 4.6 that ξ is homotopic to a continuous
Hamiltonian flow µ relatively to fixed extremities, and the statement follows.
Theorem 5.6. Let {φt} ∈ ˜PSSympeo(M,ω). Then φ1 lies in Hameo(M,ω)
if and only if C˜al0({φt}) lies in Γ.
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Proof of Theorem 5.6. Assume that {φt} ∈ ˜PSSympeo(M,ω) such that
φ = φ1 ∈ Hameo(M,ω). One can lift any continuous Hamiltonian flow ψt from
the identity to ψ1 = φ onto an element {ψt} ∈ ˜Hameo(M,ω). The strong
symplectic isotopy t 7→ ψ−1t ◦ φt is obviously a loop at the identity, i.e. {ψ
−1
t ◦
φt} ∈ π1(SSympeo(M,ω)). Compute,
C˜al0({ψ
−1
t ◦ φt}) = C˜al0({φt}) + C˜al0({ψ
−1
t }).
But, we also have C˜al0({ψ
−1
t }) = 0, i.e.
C˜al0({φt}) = C˜al0({ψ
−1
t ◦ φt}) ∈ Γ.
For the converse, let {φt} ∈ ˜PSSympeo(M,ω) such that C˜al0({φt}) lies in Γ.
Since the map C˜al0 is surjective, there exists an element {Xt} ∈ π1(SSympeo(M,ω))
such that
C˜al0({φt}) = C˜al0({Xt}),
i.e. C˜al0({φt◦X
−1
t }) = 0. Therefore, we derive from Theorem 5.5 that {φt◦X
−1
t }
admits a representative which is a continuous Hamiltonian flow, i.e. φ1 =
φ1 ◦ X
−1
1 ∈ Hameo(M,ω). This completes the proof. 
5.4 On the kernel of Cal0
Note that a strong symplectic homeomorphism h belongs to the kernel of the
mapping Cal0 if one can find a strong symplectic isotopy ξ(U,H) with ξ
1
(U,H) = h,
and
C˜al0(ξ(U,H)) = [
∫ 1
0
Hsds] = 0.
So, if (φ(Ui,Hi)) is any sequence of symplectic isotopies such that
ξ(U,H) = lim
C0+L∞
(φ(Ui,Hi)),
then one deduces from the nullity of the integral
∫ 1
0 Hsds that for i sufficiently
large the flux of the isotopy φ(Ui,Hi) is sufficiently small. Therefore we de-
rive from Banyaga [2, 3] that the time one map φ1(Ui,Hi) is Hamiltonian for i
sufficiently large.
Theorem 5.7. (Topological Banyaga’s theorem III) The kernel of the mapping
Cal0 is path connected.
Proof of Theorem 5.7. Let h be a strong symplectic homeomorphism that
belongs to kerCal0. That is, there exists a strong symplectic isotopy ξ(U,H) such
that ξ1(U,H) = h, and
∫ 1
0
Hsds = 0.
• Step (1). Let ρt ◦ ψt be the Hodge decomposition of ξ(U,H) (see [34]), and
let (φ(Ui,Hi)) be any sequence of symplectic isotopies such that
ξ(U,H) = lim
C0+L∞
(φ(Ui,Hi)).
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Then, one deduces from the nullity of the integral
∫ 1
0
Hsds that for i
sufficiently large the flux of φ(0,Hi) is sufficiently small, and therefore it
follows from Banyaga [2, 3] that the time one map φ1(0,Hi) is Hamiltonian
for i sufficiently large.
• Step (2). Following Banyaga [2, 3] we deduce the following fact. Set
θti = φ
t
(0,Hi),
for each i, and for all t. Observe that for each fixed t, the isotopy
s 7→ hi(s,t) = θ
st
i connects θ
t
i to the identity. Now, for each i, consider the
smooth family of harmonic vectors fields defined as follows :
X i(s,t) =
d
dt
hi(s,t) ◦ (h
i
(s,t))
−1,
and set
αit =
∫ 1
0
iXi
(s,t)
ωds =
∫ 1
0
Histds.
It follows from the above that the vector field Y it defined as follows
iY it ω = α
i
t − tα
i
1
is harmonic for each i, and therefore, the following 1−form∫ 1
0
i(Xi
(s,t)
−Y it )
ωds = t
∫ 1
0
Hiudu
is harmonic. For each i, let Gi(s,t) be the 2-parameter family of symplectic
diffeomorphisms defined by integrating (in s) the family of harmonic vector
fields
Zi(s,t) = X
i
(s,t) − Y
i
t .
Then, Lemma 4.15 suggests that for each fixed t, the sequence of family
of symplectic vector fields (Zi(s,t))s converges in ‖.‖
∞, and the sequence
(Gi(s,t))s of its generating paths converges uniformly. The latter limit
denoted by (G(s,t))s is then obviously a strong symplectic isotopy, and the
map (s, t) 7→ G(s,t) is continuous.
• Step (3). Since by assumption, the quantity
∫ 1
0
i(Xi
(s,t)
−Y it )
ωds is small
for all i sufficiently large, it follows from Banyaga [2, 3] that the isotopy
t 7→ Gi(1,t) is Hamiltonian for all sufficiently large i. That is, the limit
t 7→ G(1,t) is a continuous Hamiltonian flow, i.e. a continuous path in
kerCal0. For instance, we compute G(1,1) = limC0(θ
1
i ) = ρ1, and deduce
that the mapping t 7→ G(1,t) ◦ ψt is a continuous path in kerCal0 that
connects G(1,1) ◦ ψ1 = h to the identity. This completes the proof. 
Theorem 5.8. Any strong symplectic isotopy in kerCal0 is a continuous Hamil-
tonian flow.
Proof of Theorem 5.8. We will adapt a proof given in Banyaga [2, 3] into our
case.
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• Step (1). Let σ(U,H) be a strong symplectic isotopy in kerCal0, and let
(φ(Ui,Hi)) be any sequence of symplectic isotopies such that
σ(U,H) = lim
C0+L∞
(φ(Ui,Hi)).
Since π1(SSympeo(M,ω)) acts on ˜PSSympeo(M,ω), we denote by
π1(SSympeo(M,ω)). ker C˜al0 the set of all the orbits of the points of
ker C˜al0. It is clear that the mapping
e˜v : ˜PSSympeo(M,ω)→ SSympeo(M,ω),
is the covering map. Then we have
e˜v−1(kerCal0) = π1(SSympeo(M,ω)). ker C˜al0.
Let σ˜ be the lifting of the path σ(U,H) such that σ˜(0) = idM . By assump-
tion, we have
C˜al0(σ˜(t)) ∈ Γ,
for all t. A verbatim repetition of some arguments from Banyaga [2, 3]
which are supported by the discreteness of the flux group Γ leads to
σ˜(t) ∈ ker C˜al0,
for all t. We then derive from the lines of the proof of Theorem 5.7 that
for each t, the homotopy class σ˜(t) admits a representative s 7→ Gs,t which
is a continuous Hamiltonian flow, i.e. a continuous path in kerCal0, and
the map (s, t) 7→ Gs,t is continuous. For all fixed t, the following map :
(u, s) 7→ G(u(s−1)+1),((u−1)s+u)t
induces a homotopy between s 7→ σ
(t.s)
(U,H) and s 7→ Gs,t.
• Step (2). It follows from step (1) that
C˜al0(σ(t.s)) =
∫ t
0
Hudu = 0,
for all t. On the other hand, since
σ(U,H) = lim
C0+L∞
(φ(Ui,Hi)),
we derive that the strong symplectic isotopy
Ψt : s 7→ σ
(s.t)
(U,H),
is the (C0 + L∞)−limit of the sequence of symplectic isotopies
Ψit : s 7→ φ
(s.t)
(Ui,Hi).
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For each t, the symplectic isotopy Ψit : s 7→ φ
(s.t)
(Ui,Hi) is generated by
(V it ,K
i
t) where V
i
t (s) = tU
i
(st), and Kt(s)
i = tHi(st) for all s. Therefore,
the fact that
C˜al0(σ(t.s)) = 0,
for all t suggests that the flux of the isotopy Ψit tends to zero when i goes
to the infinity, i.e.
∫ t
0
Hiudu→ 0, i→∞ for all t. That is,
1
h
(
∫ t+h
0
Hiudu−
∫ t
0
Hiudu)→ 0, i→∞,
for all h smaller and positive such that (h+ t) ∈ [0, 1], i.e.
lim
i→∞
( lim
h→0+
1
h
∫ t+h
t
Hiudu) = lim
i→∞
(Hit) = 0,
for all t ∈ [0, 1[, and since for each i the function t 7→ Hit is continuous, we
derive that limi→∞(Hit) = 0, for all t ∈ [0, 1]. This implies that supt |H
i
t| →
0, i→∞, i.e.
sup
t
|Ht| ≤ sup
t
|Hit −Ht|+ sup
t
|Hit| → 0, i→∞.
Finally, we see that the harmonic part H of the generator of the (U,H) is
trivial, i.e. σ(U,H) = σ(U,0). That is, the strong symplectic isotopy σ(U,H)
is in fact a continuous Hamiltonian flow. 
Proposition 5.9. Hameo(M,ω) coincides with kerCal0.
Proof of Proposition 5.9. According to Oh-Mu¨ller [31], any Hamiltonian
homeomorphism h can be connected to the identity trough a continuous Hamil-
tonian flow ξ, we then derive that C˜al0({ξ}) = 0, which implies Cal0(h) = 0.
The converse inclusion follows from Theorem 5.6. In fact, h ∈ kerCal0 implies
that for any equivalent class such that ξ(1) = h, we have π2(C˜al0(ξ)) = 0, i.e.
C˜al0(ξ) ∈ Γ. This is equivalent to say that h ∈ Hameo(M,ω). 
Theorem 5.10. (Topological Banyaga’s theorem I) Let (M,ω) be any closed
symplectic manifold. Then, any strong symplectic isotopy in the group of Hamil-
tonian homeomorphisms is a continuous Hamiltonian flow.
Proof. The proof of Theorem 5.10 is a verbatim repetition of the proof of
Theorem 5.8. 
Theorem 5.11. (Topological Banyaga’s theorem II) Let (M,ω) be any closed
symplectic manifold. Then, the group of Hamiltonian homeomorphisms is path
connected, and locally connected.
Note that Oh-Mu¨ller [31] proved that the group of Hamiltonian homeomor-
phisms is locally path connected, then locally connected. But, in the present
paper we give a different proof.
Proof of Theorem 5.11. The result of Theorem 5.7 states thatHameo(M,ω) =
kerCal0, is path connected, while the result of Theorem 5.3 implies that Γ =
C˜al0(π1(SSympeo(M,ω)) is discrete. Thus, Hameo(M,ω) = kerCal0 is locally
connected .
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Theorem 5.12. (Weak topological Weinstein’s theorem) Let (M,ω) be a closed
symplectic manifold. Then, the group of strong symplectic homeomorphisms is
locally path connected.
Proof. Since SSympeo(M,ω) is a topological group, the latter is a homoge-
neous space, i.e. for all p, q ∈ SSympeo(M,ω), there exists a homeomorphism Φ
that maps p onto q, i.e. Φ(p) = q. So, it suffices just to check a local property at
a point (namely, at the identity) to prove it on the entire group. But, the result
of Theorem 5.8 states that any strong symplectic isotopy in Hameo(M,ω) is a
continuous Hamiltonian flow, while a result dues to Oh-Mu¨ller [31] states that
Hameo(M,ω) is locally path connected. Therefore, one derives from the above
statements that for every open neighborhood V ⊆ SSympeo(M,ω) of the con-
stant map identity, there exists a path connected open set U ⊂ Hameo(M,ω)
with id ∈ U ⊂ V . Now, let p ∈ SSympeo(M,ω), and let Vp ⊆ SSympeo(M,ω)
be an arbitrary neighborhood of p. There exists a homeomorphism Φ that sends
the identity onto p, i.e. Φ(id) = p. So, Φ displaces some neighborhood V0 of
the constant map identity ( with V0 ⊂ U ) onto a neighborhood U0 of p. But,
according to Oh-Mu¨ller [31], V0 contains a path connected neighborhood of the
identity, and the latter is displaced by Φ onto a path connected neighborhood
of p denoted by Op with Op ⊂ U0. That is, Op ∩ Vp is a path connected neigh-
borhood of p which is contained in Vp. This completes the proof. 
6 C0−Banyaga’s Hofer-like norm
Actually, we focus on the construction of a C0−Hofer-like norm for strong sym-
plectic homeomorphisms. In fact the following results points out the existence
and some studies of the C0−analogue of the well-known Banyaga’s Hofer-like
norm found in [4]. We recall that the symplectic topology on SSympeo(M,ω)
is defined to be the strongest topology on it which makes the map
ev : PSSympeo(M,ω)→ SSympeo(M,ω),
γ(U,H) 7→ γ
1
(U,H),
becomes a surjective homomorphism in the category of topological groups with
respect to the (C0 + L∞)−topology on the space PSSympeo(M,ω).
Definition 6.1. For any strong symplectic isotopy γ(U,H), we define its length
by
l(γ(U,H)) =
l∞(γ(U,H)) + l∞(γ
−1
(U,H))
2
,
where l∞(γ(U,H)) = maxt(osc(Ut) + |Ht|).
Definition 6.2. For any h ∈ SSympeo(M,ω), we define the Hofer-like norm
of h by
‖h‖SHL =: inf{l(γ(U,H))}, (6.1)
where the infimum is taken over all strong symplectic isotopies γ(U,H) with
γ1(U,H) = h.
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The above definitions make sense because of the uniqueness results (Theo-
rem 4.13 and Theorem 1.3). This agrees with the usual definition of Hofer-like
length of symplectic isotopies [4].
Theorem 6.3. (Topological Banyaga’s norm ) Let (M,ω) be any closed sym-
plectic manifold. Then, the mapping
‖.‖SHL : SSympeo(M,ω)→ R,
is continuous.
Proof. We will process step by step.
• Step (1). Positivity is obvious. In the way that the symplectic topologies
has been defined on the spaces SSympeo(M,ω) and GSSympeo(M,ω, g)
(see [8]), the map
SSympeo(M,ω)→ R,
h 7→ ‖h‖SHL,
is continuous if and only if
PSSympeo(M,ω)
ev
−→ SSympeo(M,ω)
‖.‖SHL
−−−−−→ R,
is continuous with respect to the symplectic topology on the space
PSSympeo(M,ω). Then, the continuity of the map
SSympeo(M,ω)→ R,
h 7→ ‖h‖SHL,
is proved as follows. Let γ(Uk,Hk) be a sequence of elements of PSSympeo(M,ω)
that converges to γ(U,H) ∈ PSSympeo(M,ω) with respect to the (C
0 +
L∞)−topology. We always have:
2|‖γ(1)‖SHL − ‖γk(1)‖SHL| ≤ 2‖(γ
−1
(Uk,Hk)
◦ γ(U,H))(1)‖SHL
≤ 2l[γ−1(Uk,Hk) ◦ γ(U,H)],
≤ max
t∈[0,1]
{osc(U tk ◦ γ(Uk,Hk) − U
t ◦ γ(Uk,Hk)) + |H
t −Htk|}
+ max
t∈[0,1]
osc(∆0t (Hk, γ(Uk,Hk))−∆
0
t (H, γ(Uk,Hk)))
+ max
t∈[0,1]
{osc(U tk ◦ γ(U,H) − U
t ◦ γ(U,H)) + |H
t −Htk|}
+ max
t∈[0,1]
osc(∆0t (H, γ(U,H))−∆
0
t (Hk, γ(U,H))).
• Step (2). By assumption the sequence γ(Uk,Hk) converges to γ(U,H) with
respect to the (C0 +L∞)−topology, as well as the sequence γ−1(Uk,Hk) con-
verges to γ−1(U,H) with respect to the (C
0+L∞)−topology since PSSympeo(M,ω)
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is a topological group with respect to the symplectic topology. Therefore
we derive from the above statement that
max
t∈[0,1]
{osc(U tk◦γ(Uk,Hk)−U
t◦γ(Uk,Hk))+|H
t−Htk|} = max
t∈[0,1]
{osc(U tk−U
t)+|Ht−Htk|},
max
t∈[0,1]
{osc(U tk◦γ(U,H)−U
t◦γ(U,H))+|H
t−Htk|} = max
t∈[0,1]
{osc(U tk−U
t)+|Ht−Htk|},
where the right-hand side of the above estimates tends to zero when i goes
at infinity.
• Step (3). Next, observe that
max
t∈[0,1]
osc(∆0t (H, γ(U,H))−∆
0
t (Hk, γ(U,H))) = max
t∈[0,1]
osc(∆0t (Hk−H, γ(U,H)),
max
t∈[0,1]
osc(∆0t (Hk, γ(Uk,Hk))−∆
0
t (H, γ(Uk,Hk))) = max
t∈[0,1]
osc(∆0t (Hk−H, γ(Uk,Hk)).
On the other hand, by definition of PSSympeo(M,ω), for any fixed integer
k, there exists a sequence of symplectic isotopies (φ(V k,j ,Kk,j)) such that
γ(Uk,Hk) = lim
C0+L∞
((φ(V k,j ,Kk,j)).
Similarly, there exists a sequence of symplectic isotopies (φ(Ui,Hi)) which
does not depend on k such that
γ(U,H) = lim
C0+L∞
(φ(Ui,Hi)).
We compute,
∆0(Hk −H, γ(U,H)) = lim
L∞
{
∫ t
0
(Kk,jt −H
i
t)(φ˙
s
(Ui,Hi)) ◦ φ
s
(Ui,Hi)ds},
∆0(H−Hk, γ(Uk,Hk)) = lim
L∞
{
∫ t
0
(Hit −K
k,j
t )(φ˙
s
(V k,j ,Kk,j)) ◦ φ
s
(V k,j ,Kk,j)ds}.
(see [9] for more convenience).
• Step (4). Since both sequences (φ(Ui,Hi))i and (φ(V k,j ,Kk,j))j are Cauchy
in d¯, and we have
max
t∈[0,1]
|Hjt −K
k,j
t | → 0,
when j>k and k →∞; we derive from [8] (Lemma 3.4, [8]) that,
max
t∈[0,1]
osc(∆0t (Hk −H, γ(Uk,Hk))→ 0, k →∞,
max
t∈[0,1]
osc(∆0t (H−Hk, γ(U,H))→ 0, k→∞.
• Step (5). Finally, the results of steps (2) and (4) show that
l[γ−1(Uk,Hk) ◦ γ(U,H)]→ 0, k→∞.
This completes the proof. 
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Here, we point out some properties of the mapping ‖.‖SHL.
Theorem 6.4. Let (M,ω) be any closed symplectic manifold. Given two strong
symplectic homeomorphisms h, and f we have :
1. ‖h‖SHL = 0 if h = id,
2. ‖h‖SHL = ‖h−1‖SHL,
3. ‖h ◦ f‖SHL ≤ ‖h‖SHL + ‖f‖SHL.
Proof. The item (2) follows from the definition of the map ‖, ‖SHL. For (1),
we adapt the proof of the nondegeneracy of the Hofer norm for Hamiltonian
homeomorphism given by Oh [30]. We will proceed step by step.
• Step (a). Suppose that h 6= id. Then h displaces a small nonempty
compact ball B of positive symplectic displacement energy eS(B)>0. For
such a ball B, we set δ = eS(B)>0. From characterization of the infimum,
one can find a strong symplectic isotopy γ(U,H) with γ
1
(U,H) = h, such that
‖h‖SHL>l(γ(U,H))−
δ
4
.
• Step (b). On the other hand, it follows from the definition of the topo-
logical group GSSympeo(M,ω, g) that there exists a sequence (φ(Fi,λi))
that converges to γ(U,H) with respect to the (C
0 + L∞)−topology. So,
we can find an integer i0 with (φ(Fi0 ,λi0 )) is sufficiently close to γ(U,H)
[resp. (φ−1(Fi0 ,λi0 )
) sufficiently close to γ−1(U,H)] with respect to the (C
0 +
L∞)−topology so that
l(γ(U,H))>l(φ(Fi0 ,λi0 ))−
δ
4
,
where φ = φ1(Fi0 ,λi0 )
displaces B.
• Step (c). It follows from the definition of Banyaga’s Hofer-like norm ‖, ‖HL
that
l(φ(Fi0 ,λi0 ))−
2δ
4
≥ ‖φ‖HL −
δ
2
,
and by definition of the symplectic displacement energy eS , we have
‖φ‖HL −
δ
2
≥ δ −
δ
2
=
δ
2
>0.
• Step (d). The statements of steps (a), (b) and (c) imply that
‖h‖SHL>l(γ(U,H))−
δ
4
>l(φ(Fi0 ,λi0 ))−
2δ
4
≥ ‖φ‖HL −
δ
2
>0.
The item (3) follows from the continuity of the map ‖, ‖SHL closely the
proof triangle inequality of Banyaga’s Hofer-like norm. This completes
the proof. 
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Theorem 6.4 and Theorem 6.3 are similar to some results that was proved by
Oh [30] for Hamiltonian homeomorphisms. In particular, if the manifold M is
simply connected, then the norm ‖.‖SHL reduces to the norm ‖.‖Oh constructed
by Oh on the space of all Hamiltonian homeomorphisms [31, 30]. Otherwise,
when H1(M,R) 6= 0, it follows from the decomposition theorem of strong sym-
plectic homeomorphisms that the group of Hamiltonian homeomorphisms is
strictly contained in the group of strong symplectic homeomorphisms (see [34]).
So, it is important to know whether the norm ‖.‖SHL is an extension of Oh’s
norm or not. This leads to the following result.
Theorem 6.5. (Topological Banyaga’s conjecture) The norm ‖.‖SHL restricted
to the group of Hamiltonian homeomorphisms is equivalent to Oh’s norm.
This result is motivated in party by a conjecture from Banyaga [4] that was
proved by Buss-Leclercq [12]. The latter conjecture stated that the restriction
of Banyaga’s Hofer-like norm to the group of Hamiltonian diffeomorphisms is
equivalent to Hofer’s norm.
Proof of Theorem 6.5. By construction, we always have
‖.‖SHL ≤ ‖.‖Oh.
To complete the proof, we need to show that there exists a positive finite con-
stant A0 such that
‖.‖Oh ≤ A0.‖.‖SHL,
or equivalently, via the sequential criterion, it suffices to prove that any sequence
of Hamiltonian homeomorphisms converging to the constant map identity for
‖.‖SHL, converges to the constant map identity for Oh’s norm ‖.‖Oh. The proof
that we give here heavily relies the ideas that Oh [30] and Banyaga [4] used
in the proof of the nondegeneracy of their norms. Let ψi be a sequence of
Hamiltonian homeomorphisms that converges to the identity with respect to
the norm ‖.‖SHL. For each i, and any ǫ>0 there exists a strong symplectic
isotopy ψ(Ui,ǫ,Hi,ǫ) such that ψ
1
(Ui,ǫ,Hi,ǫ) = ψ
i, and l(ψ(Ui,ǫ,Hi,ǫ))<‖ψ
i‖SHL + ǫ.
On the other hand, for a fixed i, there exists a sequence of symplectic isotopies
(φ(Vi,j ,Ki,j)) such that
ψ(Ui,ǫ,Hi,ǫ) = lim
C0+L∞
(φ(Vi,j ,Ki,j)).
In particular, one can find an integer j0 with φ(Vi,j0 ,Ki,j0) sufficiently close to
ψ(Ui,ǫ,Hi,ǫ) with respect to the (C
0 + L∞)−topology so that
l(ψ(Ui,ǫ,Hi,ǫ))>l(φ(Vi,j0 ,Ki,j0 ))−
ǫ
4
.
Observe that when i tends to infinity, Banyaga’s length of the symplectic isotopy
φ(Vi,j0 ,Ki,j0) can be considered as being sufficiently small. Thus, it comes from
Banyaga [4] that the time-one map of such an isotopy is a Hamiltonian diffeomor-
phism. So, we can assume (without breaking the generality) that φ1(Vi,j0 ,Ki,j0)
is
Hamiltonian for i sufficiently large. Now, we derive from the above statements
that
l(ψ(Ui,ǫ,Hi,ǫ))>‖φ
1
(Vi,j0 ,Ki,j0)
‖HL −
ǫ
4
.
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For i sufficiently large, since the diffeomorphism φ1(Vi,j0 ,Ki,j0)
is Hamiltonian, it
follows from a result from Buss-Leclercq [12] that there exists a positive finite
constant D which does not depend on i such that
1
D
‖φ1(Vi,j0 ,Ki,j0)
‖H ≤ ‖φ
1
(Vi,j0 ,Ki,j0)
‖SHL,
where ‖.‖H represents the Hofer norm of Hamiltonian diffeomorphisms. The
above statements imply that for i sufficiently large,
‖ψi‖SHL + ǫ>
1
D
‖φ1(Vi,j0 ,Ki,j0 )‖H −
ǫ
4
.
At this level, we use the fact that Oh’s norm restricted to the group of Hamil-
tonian diffeomorphisms is bounded from above by Hofer’s norm to get
‖ψi‖SHL + ǫ>
1
D
‖φ1(Vi,j0 ,Ki,j0 )‖Oh −
ǫ
4
,
for i sufficiently large. Passing to the limit in the latter estimate, one obtains
lim
i→∞
‖ψi‖SHL +
5ǫ
4
≥
1
D
lim
j0≥i,i→∞
‖φ1(Vi,j0 ,Ki,j0 )
‖Oh =
1
D
lim
i→∞
‖ψi‖Oh,
for all ǫ. Finally, we have proved that for all positive real number δ (replacing
ǫ by
4δ
5D
), we have
δ ≥ lim
i→∞
‖ψi‖Oh.
This completes the proof.
7 Topological symplectic displacement energy
Definition 7.1. The strong symplectic displacement energy e0S(B) of a non
empty compact set B ⊂M is :
e0S(B) = inf{‖h‖SHL|h ∈ SSympeo(M,ω), h(B) ∩B = ∅}.
Lemma 7.2. For any non empty compact set B ⊂M , e0S(B) is a strict positive
number.
Proof of Lemma 7.2. Let ǫ>0. By definition of e0S(B) there exists a strong
symplectic isotopy ψ(F ǫ,λǫ) such that ψ
1
(F ǫ,λǫ) = h, and e
0
S(B)>‖h‖SHL − ǫ.
On the other hand, there exists a sequence of symplectic isotopies (φ(Fi,λi))
that converges to ψ(F ǫ,λǫ) whit respect to the (C
0 + L∞)−topology so that
φ1(Fi,λi) displaces B for i sufficiently large. It follows from Theorem 2.2 that
‖φ1(Fi,λi)‖HL ≥ eS(B)>0 for i sufficiently large. Since ǫ>0 is arbitrary, the
continuity of the map ‖.‖SHL imposes that
‖h‖SHL − ǫ ≥ ‖φ
1
(Fi,λi)
‖SHL = ‖φ
1
(Fi,λi)
‖HL,
for i sufficiently large. Therefore,
e0S(B)>‖h‖SHL − ǫ ≥ eS(B)>0.
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7.1 L(1,∞)−norm for strong symplectic isotopies
For any strong symplectic isotopy γ(U,H), we define its interpolation length by
l(1,∞)(γ(U,H)) =
l0(γ(U,H)) + l0(γ
−1
(U,H))
2
,
with l0(γ(U,H)) =
∫ 1
0 (osc(Ut)+ |Ht|)dt. Therefore, for any h ∈ SSympeo(M,ω),
we define the L(1,∞) Hofer-like norm of h by
‖h‖
(1,∞)
SHL =: inf{l
(1,∞)(γ(U,H))}, (7.1)
where the infimum is taken over all strong symplectic isotopies γ(U,H) with
γ1(U,H) = h.
Conjecture A
Let (M,ω) be a closed connected symplectic manifold. For any h ∈ SSympeo(M,ω),
we have,
‖h‖SHL = ‖h‖
(1,∞)
SHL ,
holds true.
Conjecture A is supported by the uniqueness result of Hofer-like geometry
from [35].
Conjecture B
Let (M,ω) be a closed connected symplectic manifold. Let h ∈ SSympeo(M,ω).
The norm φ 7→ ‖h ◦ φ ◦ h−1‖SHL is equivalent to the norm φ 7→ ‖φ‖SHL.
Conjecture B is supported by a result from [7] (Theorem 7).
8 Examples
In the following section, we provide some examples of the above constructions.
Example 6.1
We know that any smooth symplectic isotopy is a trivial strong symplectic
isotopy.
Example 6.2
According to Theorem 4.8, any strong symplectic isotopy which is a 1−parameter
group admits a time independent generator. A harmonic 1-parameter group is
an isotopy β = {βt} generated by the vector field X defined by ι(X)ω = K,
where K is a harmonic 1-form. For instance, let φ be a Hamiltonian homeomor-
phism. Then, by definition of φ, there exists a sequence of Hamiltonian isotopies
Φj which is Cauchy in (C
0 + L∞) such that φj := Φj(1) → φ uniformly. The
sequence of symplectic isotopies Ψj : t 7→ φ
−1
j ◦ βt ◦ φj , connects the identity
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to φ−1j ◦ β1 ◦ φj . The latter sequence of symplectic isotopies is generated by
(
∫ 1
0 K(Φ˙j(s)) ◦ Φj(s)ds,K). In fact, the Hofer’s norm of the smooth function
x 7→
∫ 1
0
K(Φ˙j(s)) ◦ Φj(s)ds(x),
does not depend on the choice of the isotopy that connects φj := Φj(1) to the
identity, since for each j, we always have,
φ∗j (K) −K = d(
∫ 1
0
K(α˙j(s)) ◦ αj(s)ds),
for all isotopy αj that connects φj := Φj(1) to the identity ( see [8], Defini-
tion 2.2 for more details). As any reader can see, the sequence of generators
(
∫ 1
0 K(Φ˙j(s)) ◦ Φj(s)ds,K) is Cauchy in D
2 if and only if the sequence of func-
tions x 7→ (
∫ 1
0
K(Φ˙j(s)) ◦ Φj(s)ds)(x) is Cauchy in the L∞ Hofer norm. But,
Lemma 3.9 from [35] shows that the sequence of functions
x 7→ (
∫ 1
0
K(Φ˙j(s)) ◦ Φj(s)ds)(x),
is Cauchy in the L∞ Hofer norm provided the sequence Φj is Cauchy in the
C0 metric. Thus, the latter converges in the complete metric space N 0([0, 1]×
M ,R) to a time-independent continuous function denoted by F0. On the other
hand, the isotopy
Φ : t 7→ φ ◦ βt ◦ φ
−1,
is a ssympeotopy which is a 1-parameter subgroup. Furthermore, it follows from
the above statements that the ssympeotopy Φ : t 7→ φ ◦ βt ◦ φ−1 is generated
by (F0,K). Finally, we have constructed separately an example of ssympeotopy
which is a 1-parameter subgroup and whose generator is time independent. The
strong flux of the ssympeotopy Φ : t 7→ φ ◦ βt ◦ φ−1 is given by the de Rham
cohomology class of the harmonic 1-form K, i.e. C˜al0(Φ) = [K]. The mass flow
ssympeotopy Φ : t 7→ φ ◦ βt ◦ φ−1 is given by,
F˜(Φ)(h) =
1
(n− 1)!
∫
M
K ∧ ωn−1 ∧ h∗σ,
for any continuous function h : M → S1. The Hofer-like length of the ssym-
peotopy Φ : t 7→ φ ◦ βt ◦ φ−1 is given by l∞(Φ) = osc(F0) + |K| = l0(Φ).
Example 6.3
Consider the torus T2n with coordinates (θ1, . . . , θ2n) and equip it with the flat
Riemannian metric g0 = Σ
2n
i=1dθ
2
i . Then all the 1-forms dθi, i = 1, . . . , 2n are
harmonics. Take the 1-forms dθi for i = 1, . . . , 2n as basis for the space of
harmonic 1-forms and consider the symplectic form ω =
∑n
i=1 dθi ∧ dθi+n.
• Step (1). Given v = (a1, . . . , an, b1, . . . , bn) ∈ R2n, the translation x 7→
x + v, on R2n induces a rotation Rv on T
2n, which is a symplectic dif-
feomorphism. Therefore, the smooth mapping {Rtv} : t 7→ Rtv defines a
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harmonic isotopy generated by (0,H) with H =
∑n
i=1 (aidθi+n − bidθi) .
For each integer j>0, consider the function
fj : [0, 1]→ [0, 1], t 7→
j
1 + j
t
and denote by {R
fj
v } the smooth path t 7→ Rvj(t) where vj(t) = fj(t)v.
Since the sequence (fj) converges uniformly to the identity mapping, we
derive that {R
fj
v }
d¯
−→ {Rtv}. For each j, we have
ι(R˙tv,j)ω =
j
1 + j
n∑
i=1
(aidθi+n − bidθi) .
Thus,
l∞({R
t
v,j}) =
j
1 + j
|(−b1, . . . ,−bn, a1, . . . , an)| = l0({R
t
v,j}),
where |(−b1, . . . ,−bn, a1, . . . , an)| =
∑n
i=1 |ai|+
∑n
i=1 |bi| = |v|.
• Step (2). According to Mu¨ller [26] the closed symplectic manifold (T2n, ω)
admits at least a Hamiltonian homeomorphism which is not differentiable.
Let us denote by φ such Hamiltonian homeomorphism. Then, by definition
of φ, there exists a sequence of Hamiltonian isotopies Φj = φ(Uj ,0) which
is Cauchy in (C0 + L∞) such that φj := Φj(1)→ φ uniformly. Set,
ηtj =
j
1 + j
n∑
i=1
(aidθi+n − bidθi) ,
and
µt(ηj ,Φj) =
∫ 1
0
ηtj(Φ˙j(s)) ◦ Φj(s)ds,
for all j, and for all t. For each j, the symplectic isotopy
Ψj : t 7→ φ
−1
j ◦R
t
v,j ◦ φj ,
connects the identity to φ−1j ◦ R
1
v,j ◦ φj . The latter isotopy is generated
by (µ(ηj ,Φj), ηj).
• Step (3). By calculation we get,
osc(µt(ηj ,Φj)− µ
t(ηj+1,Φj+1)) ≤ osc(µ
t(ηj ,Φj)− µ
t(ηj ,Φj+1))
+osc(µt(ηj ,Φj+1)− µ
t(ηj+1,Φj+1)),
for all t, and for all j. Thus, Lemma 3.9 found in [35] implies that,
max
t
osc(µt(ηj ,Φj)− µ
t(ηj ,Φj+1))→ 0, j →∞,
while Lemma 3.4 found in [8] implies that
max
t
osc(µt(ηj ,Φj+1)− µ
t(ηj+1,Φj+1))→ 0, j →∞.
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So, the sequence µ(ηj ,Φj) is Cauchy in the L
∞ Hofer norm, and then
converges in the complete metric space N 0([0, 1]×T2n,R) to a continuous
family of continuous functions denoted by F1. Thus,
(Ψj , (µ(ηj ,Φj), ηj))
L∞+C0
−−−−−→ (φ−1 ◦Rv ◦ φ, (F1,
n∑
i=1
(aidθi+n − bidθi)).
Note that the path (t, x) 7→ (φ−1 ◦ Rtv ◦ φ)(x), is continuous, and not
differentiable.
• Step (4). The paths Ψ : (t, x) 7→ (φ−1 ◦Rtv ◦ φ)(x) just constructed above
yields a non-trivial ssympeotopy which is not differentiable. The strong
flux of the ssympeotopy Ψ is given by the de Rham cohomology class of
the harmonic 1-form
∑n
i=1 (aidθi+n − bidθi), i.e.
C˜al0(Ψ) = [
n∑
i=1
(aidθi+n − bidθi)].
The mass flow ssympeotopy Ψ is given by,
F˜(Ψ)(h) =
1
(n− 1)!
n∑
i=1
∫
T2n
(aidθi+n − bidθi) ∧ ω
n−1 ∧ h∗σ,
for any continuous function h : T2n → S1.
The Hofer-like length of the ssympeotopy Ψ is given by
l∞(Ψ) = max
t
osc(F t1) + |v|.
Example 6.4
Similarly as in Example 6.3, consider the torus T2 as the square:
{(p, q) | 0 ≤ p ≤ 1, 0 ≤ q ≤ 1} ⊂ R2
with opposite sides identified. Let D2 ⊂ R2 be the 2−disk of radius τ ∈]0, 1/8[
centered at A = (a, 0) with 7/8 ≤ a<1, and let Λ2(τ) be the corresponding
subset in T2. For any ν<1/4, consider
B(ν) = {(x, y) | 0 ≤ x<ν} ⊂ R2,
and let C(ν) be the corresponding subset in T2. Let φ be a Hamiltonian home-
omorphism of T2 supported in Λ2(τ). If v = (a1, 0) with ν ≤ a1 ≤ 1/2, then the
map φ−1 ◦ Rv ◦ φ displaces completely the set C(ν), where Rv is the rotation
induced by the translation (p, q) 7→ (p+a1, q). It follows from Example 6.3 that,
0<eS(C(ν)) ≤ e
0
S(C(ν)) ≤ ‖φ
−1 ◦Rv ◦ φ‖SHL
≤
maxt osc(F
t
0) + maxt osc(G
t
0)
2
+
1
2
<∞,
where F0 and G0 are two continuous families of continuous functions. Thus, the
strong symplectic displacement energy e0S(C(ν)) of the set C(ν) is finite and
positive.
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